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THE FORTY-THIRD REGULAR MEETING OF 
THE SAN FRANCISCO SECTION 


The forty-third regular meeting of the San Francisco 
Section of this Society was held in Room 72, Mathematics 
Building, Stanford University, on Saturday, April 5, 1924, 
with Professor A. F. Carpenter in the chair. The following 
twenty-six members of the Society were present. 

Alderton, Allardice, Bell, Blichfeldt, Buck, Cajori, A. F. Carpenter, 
De Cou, Green, Griffin, Growe, Haskell, Hewes, Hoskins, Lehmer, S.H.Levy, 
McFarland, W. A. Manning, Moreno, F. R. Morris, Noble, T. M. Putnam, 
Pauline Sperry, Stromquist, A. R. Williams, Wong. 


After a discussion of the question as to what form of 
organization would best serve the interests of mathematics on 
the Pacific Coast, it was voted that the San Francisco Section 
continue to have two regular meetings a year, as heretofore, 
one at Stanford University, and one at the University of 
California; that a third regular meeting be held annually 
early in August in the Pacific Northwest; that a fourth 
regular meeting should be held in Southern California when 
this should be desirable. 

A motion that the Section should not participate in the 
1924 meeting of the Pacific Division of the American Associ- 
ation for the Advancement of Science was carried. 

Titles and abstracts of the papers read at this meeting 
follow. The papers by Professors Eells, James, and Milne 
were read by title. 


1. Professor E.T. Bell: Reductions of enumerations in 
homogeneous forms. 


This paper appeared in the July number of this BULLETIN. 


2. Professor E.T. Bell: The class number relations implicit 
in the Disquisitiones Arithmeticae. 


This paper appeared in full in the May-June number of 
this BULLETIN. 
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3. Professor E.T. Bell: On the inversion of arithmetic 
products. 


The Dedekind inversion of a finite product which yields 
the equation (or congruence) of primitive roots is shown to 
be a very special case of a general inversion process stated 
and proved here. 


4. Professor E. T. Bell: The numbers of representations 
of integers in certain ternary quadratic forms. 


The number N (n= az?+ by?+ cz*) of representations of 
the integer n > 0 in the indicated form is determined in 
terms of the binary quadratic class number in each of the 
nine cases (a, b,c) = (1,1, 2), (1, 2, 2), (1, 2, 4), (1, 1,4), 1,4,4), 
(1, 2, 8), (1, 1, 8), (1, 4, 8), (1, 8, 8). Hitherto there have been 
given only the results for (1, 1, 1) (Gauss), and incomplete 
statements for (1, 1, 2) (Torelli), (1, 2, 2) (Stieltjes). 


5. Professor E. T. Bell: The class number relations im- 
plicit in Jacobi’s theta formula. 


The relations are of a wholly new type involving an 
arbitrary even function whose arguments are linear functions 
of the indeterminates representing a fixed integer, whose 
negative is the argument of the class number functions 
involved, in certain quaternary quadratic forms. 


6. Professor E. T. Bell: Certain products involving the 
divisors of numbers. 

Certain very general identities between infinite products 
of the type [](1—az”)9™, in which the [] extends to 
n=1,2,..., a,b are constants, and g(n) is a single valued 
function of n, are obtained and expanded in series. The 
identities yield many new theorems in partitions, particular 
cases of which have been given by Jacobi and others. 


7. Professor E. T. Bell: Complete class number expansions 
Sor the elliptic theta constants of degree 3. 

The nine possible expansions of the type 9% Ha +b=3; 
a,8 = 0,1,2,3) are found by elementary processes. The 
coefficients are class number functions; the series for 


I} Is, Io H have not previously been given. The rest were 
obtained at greater length by Kronecker and Hermite. 
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8. Professor Florian Cajori: Note on our sign of equality. 


Professor E. Bortolotti has sent the author a photograph 
of a page of an undated manuscript now kept in the library 
of the University of Bologna, written by Pompeo Bolognetti, 
who before 1568 (possibly before the appearance of Recorde’s 
algebra) used the sign — for equality in the solution of 
equations. 


9. Professor Florian Cajori: History of the use of picto- 
graphs and algebraic symbols in elementary geometry. 


An account is given of the 250-year struggle between 
writers friendly and those hostile to the use of symbols 
in geometry. There still persists a deplorable lack of 
uniformity in notation. 


10. Professor Florian Cajori: Notes on Luca Pacioli’s 
Summa. 


In this paper the editions of 1494 and 1523 of the Summa 
are compared. It is found that Pacioli’s use of R as an 
algebraic symbol has been misinterpreted by certain European 
and American writers on the history of notations. Pacioli 
sometimes used a dash to denote equality. 


11. Professor Florian Cajori: Despzau’s Select Amusements. 


Despiau’s Select Amusements in Philosophy and Mathe- 
matics, brought out at London in 1800 in French and in 
1801 in English translation, is a unique book which has 
escaped the net of nearly all large libraries and of biblio- 
graphies of mathematical recreations. It is described in 
this paper. 


12. Professor A. F. Carpenter: Cone-cubic configurations 
of a ruled surface. 


Associated with each line element g of the general ruled 
surface S there are two cone rays. The points in which 
these rays cut the flecnode tangents of S drawn at the 
flecnode points of g are centers of perspective for certain 
configurations of cone-cubic points and cone-cubic osculating 
planes. The dual property holds for the planes determined 
by the cone rays and the flecnode tangents. These per- 
spectivities lead to many interesting theorems which are 
indicated in this paper. 
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13. Professor W. C. Eells: On a standard definition of 
the standard deviation. 


In this paper the author examines critically numerous 
definitions of the standard deviation (6). The paper will 
appear in the JOURNAL OF EDUCATIONAL RESEARCH. 


14. Professor F. L. Griffin: Note on the yield of serial 
bonds issued at split rates of interest. 


To determine the yield on bonds, purchased at any market 
price, maturing serially in unequal amounts, and carrying 
two or more different rates of interest, requires the solution 
of a complicated equation of high degree. The author 
points out a convenient adaptation of Newton’s method in 
connection with the ordinary bond tables, and discusses 
some fallacious methods commonly used by investors. 


15. Professor Glenn James: On the solution of algebraic 
equations with rational coefficients. 


A generalization of the ordinary factor theorem is used 
to determine quadratic factors. This paper will appear in 
the AMERICAN MATHEMATICAL MONTHLY. 


16. Professor W. E. Milne: Note on the flexure of an 
I-beam. 


The problem of determining the stresses in a beam bent 
by a terminal transverse load can be solved in terms of 
a function g(x, y), harmonic at all points of the cross 
section and having assigned values for the normal derivative 
on the boundary. The problem is easily solved if the 
boundary of the section is a circle, an ellipse, or a rectangle. 
The important case of an I-beam may be solved by means 
of a certain hyperelliptic integral. In this note it is 
shown how this integral may be evaluated to any desired 
degree of approximation by means of theta functions. It is 
further shown that for beams ordinarily used in structural 
work the constants are very small, so that the series used 
converges rapidly. The first two terms of the series will 
ordinarily give results with an error not exceeding one- 
thousandth of one per cent. 

C. A. NOBLE, 


Acting Secretary. 


= 
= 


APRIL MEETING IN CHICAGO 


THE APRIL MEETING IN CHICAGO 


The twenty-first regular Western meeting of the Society 
was held at the University of Chicago on Friday and 
Saturday, April 18 and 19, 1924. Nearly one hundred 
persons attended this meeting; among them were the follow- 
ing seventy-six members of the Society: 


R.W. Babcock, W. S.Beckwith, H. A.Bender, Bliss, Blumberg, Bradshaw, 
0: E. Brown, Bunyan, C. C. Camp, Carlson, Carmichael, Crathorne, Curtiss, 
Denton, Dickson, Dostal, Dowling, Dresden, Emch, Escott, W.B. Ford, 
Gibbens, Gossard, Gouwens, L. M. Graves, W. A. Hamilton, E. R. Hedrick, 
Hildebrandt, Ingraham, Dunham Jackson, Kennedy, Kinney, Lane, Lef- 
schetz, Logsdon, Luby, Lunn, McGavock, J.V.McKelvey, W. D. MacMillan, 
T.E. Mason, B.I. Miller, Miser, E.H. Moore, E. J. Moulton, F. R. Moulton, 
Nowlan, C.I. Palmer, Pepper, Pettit, Plapp, R. G. D. Richardson, Rider, 
H. L. Rietz, Roever, Roth, Schottenfels, Sellew, Sharpe, Shohat, W. G. 
Simon, Skinner, Slaught, Snedecor, Virgil Snyder, Stouffer, J. H. Taylor, 
Teach, T. Y. Thomas, J.S. Turner, Wainwright, Wait, K. P. Williams, 
F. E. Wood, J. W. A. Young, Ziwet. 


At the meeting of the Council, the following thirty-seven 
persons were elected to membership in the Society: 


Professor Eli Allison, Brenau College; 

Professor Normal Herbert Anning, University of Michigan; 

Professor Ernest Aubrey Bailey, LaGrange College; 

Mr. Ben Charles Bellamy, Civil Engineer, Laramie, Wyo.; 

Mr. Jacob Alfred Benner, Lafayette College; 

Mr. Samuel Fletcher Bibb, University of North Dakota; 

Dr. Laura Brant, Instructor in Physics, Vassar College; 

Mr. Richard Lucius Cary, Baltimore, Md.; 

Mr. Luther Jonathan Deck, Muhlenberg College; 

Professor Aloysius F. Frumveller, Marquette University; 

Professor Arthur Eugene Gault, Bradley Polytechnic Institute, Peoria, Ill. ; 

Dr. William Albert Hamilton, University of Wisconsin; 

Professor Louis Alan Hazeltine, Stevens Institute of Technology; 

Professor Guy Hildebrand Hunt, Southern Branch, University of California; 

Professor Byron Ingold, Culver-Stockton College; 

Miss Rosa Lea Jackson, Instructor, Northwestern University; 

Professor Martha Myrtle Knepper, State Teachers College, Cape Girar- 
deau, Mo.; 

Mr. Claiborne Green Latimer, Tulane University; 

Professor Otto B. Loewen, Ottawa University, Ottawa, Kansas; 

Mr. William Hayward McEwen, Assistant, University of Minnesota; 

Mr. Charles Edward Manierre, New York City; 

Mr. Gaylor Maish Merriman, University of Cincinnati; 
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Miss Inez Morris, Kansas State Teachers College, Emporia; 

Professor Albert George Rau, Moravian College; 

Mr. Pardon Sheldon Remington, The Principia, St. Louis; 

Professor David Henry Richert, Bethel College; 

Dr. Daniel Stucker Robbins, State College, New Mexico; 

Mr. Edwin Lawrence Rose, California Institute of Technology; 

Professor Bernice Sanders, Wilberforce University; 

Professor Thomas Francis Smith, Little Rock College; 

Professor Mary Goode Stallworth, Alabama College; 

Mr. Clarence George Tobias Stipe, University of South Dakota; 

Professor Mildred Browning Stone, State Normal School, Salem, Mass.; 

Professor Ralph Sylvester Underwood, Alabama Polytechnic Institute, 
Auburn, Ala.; 

Mr. William Edwin Van de Walle, Harvard University; 

Miss Frances Christine Wenrich, Kansas City Junior College; 

Mr. George Andrew Yanosik, New York University; 

Mr. Louis Yurow, Washington, D.C. 

Thirty-seven applications for membership were received. 

The Council accepted the invitation of Cornell University 
to hold the summer meeting and colloquium in Ithaca in 
1925 and expressed to the members of the Mathematical 
Department of Cornell University its appreciation of the 
invitation. The speakers and subjects for the colloquium 
will be Professor L. P. Eisenhart, The differential geometry 
of general surfaces, and Professor Dunham Jackson, The 
theory of approximation. 

The Assistant Secretary reported the following appoint- 
ments made by President Veblen since the last meeting of 
the Society: as delegate to the celebration of the fiftieth 
anniversary of the founding of the Société Mathématique 
de France at the Sorbonne on May 22—24, 1924, Professor 
E. B. Van Vleck; to represent the Society at the semi- 
centennial of the founding of Purdue University on May 1-3, 
Professor William Marshall; Committee on Arrangements 
for the summer meeting and colloquium of 1925: Professors 
J.H.Tanner, W.B.Ford, W.A.Hurwitz, R.G.D. Richardson, 
and H. L. Rietz; Committee to nominate trustees, officers 
and members of the Council to be elected in December, 1924, 
Professors G. A. Bliss (Chairman), Arnold Dresden, and 
C. L. E. Moore. 

The Council voted to recommend to the Society for adoption 
at its meeting on May 3 amendments to the By-Laws, to 


1924.] APRIL MEETING IN CHICAGO 391 


eliminate the ephemeral matter relating to the transfer of 
business from the unincorporated Society to the incorporated 
body; to make possible the transaction by mail of some of 
the Council’s business; and to create a sustaining membership. 

The Council adopted resolutions of thanks to Professor 
O. D. Kellogg for valuable assistance rendered the Endow- 
ment Committee, to the Carnegie Corporation and to the 
firm of Allyn and Bacon for their generous contributions 
to the endowment fund. The Committee on Endowment 
was authorized to enter into agreements with industrial 
firms for a service of information and to proceed with the 
collecting of data necessary to maintain such service. 

Those who were present at the meeting on Friday after- 
noon united in sending a cablegram extending to Professor 
Felix Klein their greetings and congratulations on the 
occasion of his seventy-fifth birthday. 

On Friday evening a dinner was held at the Quadrangle 
Club at which sixty-eight persons were present. The need 
for continued support of the work of the Endowment Com- 
mittee was emphasized. It was reported that over $23,000 
had been contributed by 362 members of the Society. 
While this total amount was considered very gratifying, 
it was thought highly desirable that a much larger per- 
centage of the membership take part in the subscription. 

The scientific sessions of Friday and Saturday mornings 
were presided over by Vice-President Hildebrandt. He 
was relieved by Professor D. R. Curtiss on Friday after- 
noon; at this session Professor H. L. Rietz presented the 
symposium lecture on Certain topics in the mathematical 
theory of statistics; this paper appears in full in the present 
number of this BULLETIN. 

The papers read at this meeting are listed below. Miss 
Kearney, Mr. Jensen, and Mr. Mickelson were introduced 
to the Society by Professor Dunham Jackson, and Mr. Reinsch 
by Professor Carmichael. The papers of Baker, Davis, 
Gehman, Kearney, Mickelson, Steimley, and Williams (first 
paper) were read by title. 
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1. Professor E. P. Lane: The canonical eight-point quadric 
of a space curve. 


An eight-point quadric of a space curve, at a point P 
of the curve, is the limiting position of a quadric surface 
through P and seven neighboring points of the curve as 
these points approach P along the curve. There is a single 
infinity of eight-point quadrics at each point P of the curve. 
Among these are two of special interest. One is the os- 
culating, or nine-point, quadric. The other, which the author 
calls the canonical eight-point quadric, is characterized by 
being tangent at P to the osculating plane of the curve 
at P. This quadric has an equation of simple form and 
is intimately connected with the curve. It may be used 
in defining a local coordinate system, in some respects 
analogous to the moving trihedron employed in the metric 
theory of space curves. 


2. Professor E. P. Lane: A characterization of surfaces 
of translation. 


If there exists on a surface a conjugate net with in- 
determinate ray curves, then the ray points of every sur- 
face point, with respect to this conjugate net, lie in a fixed 
plane called the ray plane of the net. The author character- 
izes surfaces of translation as the only surfaces that have 
the property that on each of them there exists a conjugate 
net with indeterminate ray curves and with ray plane at 
infinity. 


3. Professor Arnold Emch: Some problems of closure con- 
nected with the Geiser transformation. 


As is well known, the Geiser transformation in a plane 
is an involutory Cremona transformation defined by a special 
net of cubics through 7 independent points. Two cubics 
of the net intersect in a pair of corresponding points (PP’) 
of the transformation. The seven points A; are the base 
points of the transformation. To each of these corresponds 
every point of the rational cubic with this base-point as 
a node and passing through the six remaining base-points. 
The jacobian of the net is the so-called Aronhold curve, 
a definite point-wise invariant sextic with nodes at the 
base-points. This paper considers the classes of invariant 
curves as loci of pairs of corresponding points, and certain 
class-curves from which they are generated. The mapping 
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of the Geiser transformation upon a general cubic surface 
leads to interesting problems of closure of sets of certain 
invariant curves. 


4. Professor F. R. Sharpe: The Jonquiére space trans- 
formation of Godeaux. 

In a recent memoir (Royal Belgian Academy 1921) Godeaux 
has considered a type of birational transformation in which 
to any line of a rational congruence and a plane of a pencil 
in one space corresponds a similar line and plane in a second 
space. The author shows that the type is included in a 
type given by Montesano thirty-three years earlier and 
that a slightly more general form exists. It is also shown 
that certain cases which Godeaux concludes to be impossible 
are possible without restriction. 


5. Dr. Gladys Gibbens: A study of the relations between 
the focal surfaces of two congruences obtained from certain 
Junctions of a complex variable. 

This paper develops two rectilinear congruences by means 
of the Riemann-spherical representation of Wilezynski. They 
are obtained from an arbitrary function of a complex vari- 
able and its osculating linear fractional function. The focal 
sheets of the latter congruence are always quadrics. The 
author finds that each of these two quadrics not only os- 
culates the corresponding focal surface of the original con- 
gruence, but is the osculating quadric of this surface. The 
point of osculation on each surface is the point corres- 
ponding to the origin, where the original linear fractional 
function osculates the arbitrary complex function. 


6. Professor Virgil Snyder: Non-monoidal involutorial 
transformations which leave each monoid of a web invariant. 

The author constructs a web of monoids of order n 
having a curve and a number of simple basis points in 
common, and having the property that any three surfaces 
of the web intersect in two variable points. This pair of 
conjugate points defines an involution, the properties of 
which are determined. In addition to the monoidal in- 
volutions with 7 basis points, there are six non-monoidal 
types for every value of n>3. The entire system can be 
expressed completely in terms of a single set of formulas. 
A partial list of the possible types for »—3 was already 
known. The other results are new. 
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7. Mr. J. A. Nyswander: A direct method of obtaining 
the solutions of systems of linear differential equations having 
constant coefficients. 

The author gives a direct and comparatively simple 
method for obtaining the solutions of any linear differential 
system of the form 2; = a%1-+ ---+@intn, ((=1,..., n). 
When the characteristic equation D(A) —0 has distinct 
roots, there is no difficulty. When 4 = A, is a multiple 
root of D(z) = 0, all solutions of the form 


are obtained directly from »-+-1 sets of linear equations 
in the AY’ which are sufficient conditions for the existence 
of such a solution. The characteristic determinant -D(A) 
affords a set of n identities in 2 which, when differentiated 
with respect to 4, yield (for 4 — 4) exactly +1 sets of 
relations involving minors of D (A,) and their 4-derivatives, 
whose coefficients are identical with the coefficients of 
the AY in the foregoing sets of linear equations; thus the 
desired values of the AY’ are given directly by these sets 
of relations. All solutions not of the form 2; — Aje4# are 
of the above type. A general form for the solutions of this 
type is set up, from which the m solutions of the system 
can be written at once in terms of minors of the deter- 
minant D(A;) and of their -derivatives. 


8. Dr. H. A. Bender: Prime power groups containing only 
one invariant subgroup of every index which exceeds this 
prime number. 


If a group G@ of order p”, p being an odd prime, is to 
contain but one invariant subgroup of every index greater 
than p, then each of these invariant subgroups must be 
non-cyclic whenever G is non-cyclic. For p= 2 the sub- 
group of order p”™—* must be cyclic. In either case the 
invariant subgroup of index p* must be the commutator 
subgroup of G. Furthermore, G contains a subgroup of 
index p which includes all of its operators whose orders 
exceed p*, and every operator not in this subgroup trans- 
forms each operator of this subgroup into itself multiplied 
by an operator in the preceding major co-set. 

It is shown that a necessary and sufficient condition 


| 
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that this group of order p” contains but one invariant sub- 
group of every index greater than p, is that its (m—2)th 
commutator subgroup is of order p. The index of the 
largest invariant abelian subgroup can not exceed p?+»/2, 
and the pth power of every operator of G must be in the 
central of Gm—1. 

An interesting system of such groups is the Sylow sub- 
group of order p?*1 contained in the symmetric group of 
degree 


9. Mr. L. M. Graves: The derivative as independent 
Junction in the calculus of variations. 
The integrals considered are of the form 
ied + 24x, 2) 
where z is a function z(x) which is bounded and integrable 
in the sense of Lebesgue on the interval 7,<x<a, and 
satisfies the additional condition zdx y.—y. Sets 
of necessary and of sufficient conditions are obtained for 


a minimum of the integral J relative to the class of all 
such functions. 


10. Mr. J. Shohat (Jacques Chokhate): On the develop- 
ment of a continuous function in a series according to 
Tchebycheff’s polynomials. 

Let f (x) be a continuous function on the finite interval 
(a, b), and gy» (x) a normal orthogonal system of Tchebycheff 
polynomials on (a, b) with the characteristic function p(x)=>0 
in (a, b). The author investigates the convergence of the deve- 
lopment >” A;9;(x), where f p(x) F(a) Writing 
S(a) = >” Aigi(x) + rn(x), and using a method given by 
D. Jackson in the TRANSACTIONS for 1912, he is able to 
evaluate r"(~), if certain assumptions are made concerning 
the function as e.g. | pn(x)|<rn7(n = 1, 2,...). The 
method is illustrated by two examples, one of which ge- 
neralizes results obtained in Jackson’s paper. 


11. Mr. J. Shohat: Note on the asymptotic expression of 
certain definite integrals. 


In his second paper, the author considers the integrals 
fi and {> dx under various hypo- 
theses concerning the character of f(x). Formulas are 
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developed which enable him to find asymptotic expressions 
for a large number of definite integrals, and also an im- 
portant inequality for 5” ,9?(§), where g;(x) are a normal 
orthogonal system of Tchebycheff polynomials on (0, 1) with 
the characteristic function f(x) vanishing for x= §&. This 
note was suggested by an article of P. Funk, Beitréige 
zur Theorie der Kugelfunktionen, MATHEMATISCHE ANNALEN, 
vol. 77 (1916). 


12. Miss Elizabeth Carlson: On the convergence of certain 
methods of closest approximation. 


The first part of this paper contains a discussion of con- 
ditions on a function f(x) which are sufficient to insure 
the uniform convergence of S,(x) to the value of f(x), where 
S,(x) is the Sturm-Liouville sum of order x which gives 
to the integral | |" dx(m21) its minimum 
value. In the second part of the paper, the same problem 
is discussed with the Sturm-Liouville sum replaced by a 
linear combination of the first » characteristic solutions 
of a certain third order differential equation with a par- 
ticular set of boundary conditions. In this case it is ne- 
cessary first to derive theorems concerning the magnitude 
of | S;,(x)|. Two theorems are proved: If M is the maximum 
of |S,(x)| in O<a2<a, then throughout this interval, 
S;(x)| <n*p M, where p is independent of » and the co- 
efficients in S,(x). Throughout the interval e<x<a—e, 
| Sn (x)| <nqM, where q is independent of » and the co- 
efficients in S,(x) but depends upon «. 


13. Mr. C. M. Jensen: The approximate representation 
of a function by a Sturm-Liouville interpolating formula. 

The approximate representation of a function by means 
of a Sturm- Liouville interpolating formula gives rise to 
problems similar to those which have been solved in con- 
nection with the representation by the trigonometric inter- 
polating formula. The situation is complicated by the fact 
that, for the Sturm-Liouville functions, we have only an 
approximate analogue of the trigonometric formulas of the 
form 


= 0, (i+). 


2ajk 
> cos ——— cos — 
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The main theorem obtained is that the Sturm-Liouville 
interpolating formula, of order n, applied to a Sturm- 
Liouville sum of order », makes an error of the order 
(log »)/n, the coefficients being subject to certain con- 
ditions. If f(x) satisfies a Lipschitz condition, it can be 
represented by the Sturm-Liouville interpolating formula 
of order n with an error of order (log n)/n. If f(x) is 
merely continuous, its approximate representability by the 
trigonometric interpolating formula necessitates its repre- 
sentability by the corresponding Sturm-Liouville formula, 
and, for any continuous function, there exists a Sturm-Liouville 
interpolating formula which will converge to the right value. 


14. Miss Dora E. Kearney: Some theorems on convex 
Sunctions. 


A continuous function f(z) is said to be convex in an 
interval (a,b) if it satisfies the relation 


+ — f(a) + ef (ae) 


for every c in the interval O0<c<1 and for every pair 
of values 2, x2 in(a,b). One usually assumes this relation 
for c—1/2 as definition and proves it for an arbitrary c. 
This paper shows that if there is any ¢ in the interval 
specified, for which the given relation holds, then it holds 
for every such c. A corresponding theorem is proved for 
what may be called properly convex functions, for which 
the equality sign is excluded. Other elementary theorems 
on convex functions are presented. 


15. Mr. E. L. Mickelson: Orthogonal polynomials for inter- 
polation. 


This paper is concerned with the construction and tabu- 
lation of polynomials orthogonal over a finite set of points 
equally spaced in an interval. The tables will be directly 
serviceable in the fitting of parabolic curves by the method 
of least squares or the equivalent method of moments. 


16. Professor P. R. Rider: The correlation between two 
variates one of which is normally distributed. 

The paper determines the correlation between two variates 
x and y (y= kxz",k>0), where z is distributed according 
to the so-called normal law of error. A problem of this 
type would arise if one wished to find the correlation 
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between the diameters and the weights of a set of homo- 
geneous spheres, either the diameters or the weights being 
normally distributed. A concrete example might be afforded 
by the apples on a tree. Rietz has given other practical 
illustrations in discussing the frequency distribution of the 
second variate (ANNALS OF MATHEMATICS, (2), vol. 23, pp. 
292—300). In the present paper it is shown that the product- 
moment coefficient, r, for the variates x and y is zero for 
n<—1/2 and for n = 0, is negative for —1/2<n<0 
and positive for x >0O, and approaches the value zero as 
nm approaches oo; moreover ris equal to unity for n = 
but is less than unity in absolute value for all other values 
of n. 


17. Professor Dunham Jackson: Elementary applications 
of the notion of angle in function space. Preliminary 
communication. 


The present paper, while making no claim to novelty 
of substance, calls attention to the fact that the essentials 
of the Pearson-Yule theory of correlation are identical, in 
the sense of general analysis, with the elementary geo- 
metry of function space, and suggests the importance of a 
coordinated study of two fields which have been developed 
to a great extent independently of each other. 


18. Professor Dunham Jackson: A symmetric coefficient 
of correlation for several variables. 


This paper shows how simple geometric considerations 
in space of m dimensions, or in function space, as the 
case may be, lead to the definition of a symmetric 
coefficient for measuring the degree of resemblance of 
three or more sets of data. As in other instances of 
correlation, the extreme values of the coefficient are + 1 
and —1. For the case of three variables, the formula 
is (4/9) (ry2 + 113 + 723) — 1/3, where 713, Yo3 are the 
ordinary coefficients of correlation of the variables taken 
two at a time. 


19. Professor K. P. Williams: Notation in tensor ana- 
lysis. 


In this note the author calls attention to a possible 
simplification of notation in tensor analysis. 


| 
| 
| 
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20. Professor K. P. Williams: Concerning a type of inte- 
gral equation. 


Andreoli has studied to some extent the integral equation 
in which the upper limit is g(x). In the present paper the 
author considers the existence of solutions of this equation 
and also the relation it bears to another type of functional 
equation. 


21. Professor H. T. Davis: Derivation of the Fredholm 
theory from a differential equation of infinite order. 


In this paper it is shown how the Fredholm solution of 
integral equations can be derived directly from a special 
differential equation of infinite order. The infinite differ- 
ential equation corresponding to the Fredholm equation 
is obtained. By taking n successive derivatives of this 
equation and disregarding terms of order higher than n, 
a system of equations is obtained which can be solved by 
elementary means for the unknown function. In the limiting 
case the Fredholm solution is easily found. 


22. Professor G. A. Bliss: Algebraic functions and their 
divisors. 

A number of methods have been devised for the deve- 
lopment of the theory of algebraic functions without the 
use of preliminary birational transformations simplifying the 
singularities of the function. Among the most interesting 
of these is the one presented by Hensel and Landsberg 
in their Theorie der algebraischen Funktionen, which is an 
amplification of methods suggested originally, and appar- 
ently independently, by Kroneker and by Dedekind and 
Weber. The present paper is an effort to make more 
accessible the solutions of two important problems in the 
Hensel and Landsberg theory: the construction of the three 
types of elementary abelian integrals and the proof of the 
Riemann-Roch theorem. It is believed that the proofs have 
been considerably simplified, and their various logical steps 
unraveled from a large amount of most interesting but to 
these problems relatively irrelevant material with which 
they are interlaced in the Hensel and Landsberg treatise. 
Incidentally the author of this paper wishes to call attention 
to a recent reference by him to the Riemann-Roch theorem 
(TRANSACTIONS OF THIS SOCIETY, vol. 24 (1922), footnote, p. 277), 
which is now justified by a much more concise presentation. 


a 
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23. Mr. J. H. Taylor: A generalization of Levi-Civita’s 
parallelism and tie Frenet formulas. 


In the n-dimensional space considered in this paper the 
are length is defined by an integral whose integrand is a 
function F(a,..., 2%n; Xn) which satisfies the con- 
ditions of the so-called regular problem of the calculus of 
variations. In this space vectors can be normed and 
orthogonalized with respect to a quadratic manifold which 
osculates the indicatrix F = 1 for an arbitrary direction x’. 
Blaschke has associated with the well known covariant 
derivative of a Riemann space a differentiation process which 
he calls the 6-process. The author has generalized this 
process for the more general space considered by him. By 
means of this generalization he can associate with each 
point of a curve a system of » contravariant vectors which 
can also be replaced by an equivalent unitary orthogonal 
system of vectors. By means of this latter system the 
Frenet formulas are obtained and the expressions for the 
curvatures are deduced. If two movable vectors have their 
initial points on the same curve and satisfy the system of 
equations 6 € =O associated with the curve it is shown 
that the angle between them remains a constant. This is 
a generalization of a theorem by Levi-Civita. 


24. Professor R. P. Baker: The connection of sheets in 
mapping. 

This paper exhibits various types of connection of sheets 
of points in multiple mapping by algebraic equations not 
occurring in ordinary Riemann surfaces. If 


(u,v:2,y)=0, (u,v:x,y)= 0 


are algebraic equations and the real points of the locus in 
R,(u,v,x,y) are all finite, the (generalized) Riemann surfaces 
over the (u,v) and (x,y) plane are two-sided and of the 
same connectivity. They may have removable singularities 
of various kinds as adhesions and nodal lines with no real 
neighborhood. If the locus is infinite and the closure of 
projective space be used, the surfaces may be one-sided. 
The connectivity is preserved. 

The paper considers the theorem of Hadamard (JOURNAL 
DE MATHEMATIQUES, 1898) concerning the connectedness of 
the spherical representation of a surface whose curvature is 
negative everywhere except at isolated points where it is zero. 
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In mapping a surface by parameters the connectivity 
may be changed. For instance, in the two-parameter re- 
presentation of a general cubic, the mapping is on an anchor 
ring. Five lines being lost, the connectivity reduces from 
8 to 3. A Cremona transformation further reduces it and 
maps the surface on a projective plane. 


25. Mr. H. M. Gehman: Necessary and sufficient con- 
ditions that every closed and connected subset of a continuous 
curve be a continuous curve. 


It is shown that a necessary condition that every closed 
and connected subset of a continuous curve M be a con- 
tinuous curve, is that M contain no closed and connected 
subset N, containing a continuum of condensation W, such 
that N— W is uniformly connected im kleinen. This condition 
is also sufficient, if every continu of condensation of M is a 
continuous curve, not of a certain type derived by con- 
sidering the necessary and sufficient conditions that the 
removal of an arc from a continuous curve leave the remainder 
(on one side of the arc) not uniformly connected im kleinen. 
Examples are given showing the independence of each 
condition. 

A study is also made of the effect of replacing “N—W 
is uniformly connected im kleinen” by “N—W can be 
expressed as the sum of a finite number of connected 
sets each of diameter less than a given «” (the Sierpinski 
S-property). A method is obtained for constructing a con- 
tinuous curve by adding to any closed and connected set 
a countable infinity of ares. It is shown that this is im- 
possible if the set of arcs be finite in number. 


26. Professors E.R. Hedrick and Louis Ingold: Conjugate 
Junctions in three dimensions. 


This paper is a continuation of previous papers dealing 
with three-dimensional analogs of facts connected with the 
ordinary theory of functions of a complex variable. 

Conjugate functions in two dimensions are certain related 
pairs of solutions of Laplace’s equation. In three dimensions 
it is found that the solutions of a certain pair of partial 
differential equations of the second order are related in 
sets of three, and these sets are the natural analogs in 
three dimensions of sets of conjugate functions in the plane. 
Certain theorems are also generalized. 


26 
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27. Professor J.S. Turner: On the representation of a 
positive integer by the form ax*—by’. 

This paper contains a simple extension of a theorem of 
Tchebychef (JOURNAL DE MATHEMATIQUES, vol. 16 (1851), 
pp. 257—282). It is proved that if a positive integer m can 
be represented by the form ax*—by’, where a, b are positive 
integers, then there exists a representation with 


_-V/(T+1)m 
0<e<V 2a Osys 2b ? 


where x = T, y =U, are the least positive integral so- 
lutions of 
xz?— Dy? =1, D=ab; 


and that from two such representations factors of m can 
be found. 

It follows that if D is a determinant for which each 
genus contains only one cycle of reduced forms, and if m 
is an odd number prime to D and having the quadratic 
character of ax*—by*, then m is prime if it has a single 
primitive representation by ax*—by* within the limits spe- 
cified above, and composite in all other cases. 


28. Professor Oswald Veblen and Dr. T. Y. Thomas: 
Extensions of relative tensors. 


This paper is an addendum to the authors’ paper on the 
geometry of paths in the TRANSACTIONS OF THIS Society for 
October, 1923. It contains formulas for the rth extensions 
of relative tensors of arbitrary weight. These include the 
formulas for tensor densities. 


29. Professor Dunham Jackson: Note on arc and angle 
in function space. 


The interpretation of the coefficient of correlation of two 
functions as the cosine of an angle, discussed in a previous 
paper, is further illustrated in terms of a parametric formula 
for length of are in function space. If g(x) and y(z) are 
two normalized functions in an interval (a,b), represented 
in function space by two points P and Q at unit distance 
from the origin, the length of the circular arc from P to Q, 
with center at the origin, is found by direct calculation to 
be are cos r, where 


r= 


| 
— 
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30. Mr. B. P. Reinsch: Expansion problems in connection 
with the hypergeometric differential equation. 


The object of this paper is the development of an ex- 
pansion theory for hypergeometric functions analogous to 
the one worked out by Neumann and Gegenbauer for Bessel 
functions. Expansions in series of 


(m=0,1,2,...), 


solutions of the hypergeometric differential equation, are 
found for 2*+™, x*/t-x; and (employing the last result) 
for an analytic function f(x) by means of Cauchy’s integral 
formula. The analogues of the Cauchy-Taylor and the 
Laurent expansions appear. The theory is extended to the 
generalized hypergeometric functions of Goursat and Poch- 
hammer. The results are then extended to the expansion 
of analytic functions of several variables in multiple series 
of ordinary or generalized hypergeometric functions. 


31. Dr. L. L. Steimley: On the summability and regions 
of summability of a general class of series of the form 
cot eng(nz). 


The author considers the general class of series of the 
form 


Y(x) = co+ eng (nx), 
n=1 
where g(x) has the asymptotic character 


+34 +--:) 


ag 


valid for x approaching infinity in some sector V bounded 
by two rays extending from zero to infinity. P(x) and Q(x) 
are polynomials in x, a; are functions of the argument of z, 
varying in the sector V,c; are independent of z. 

This paper deals with the summability of the series Y(x) 
by the method of Cesaro. The character of the regions of 
summability and of uniform summability are determined. 
The character as to summability of every point on the 
boundary of the region of summability is determined except 
for a set of isolated points which may occur under very 
restricted conditions. Summability numbers are determined. 
A necessary and sufficient condition for summability of 
Y(z) is developed. 


26* 
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32. Dr. L. L. Steimley: On a general class of integrals of 

The author considers a general class of integrals of the 
form K(x) = ty y(t)g(tx)dt, where gx) has the asymptotic 
character described in the previous paper. The function 
y(t) is finite and single-valued for finite t>0, | g(é)| has 
an upper bound in every finite interval (Oz) and g(¢) is 
integrable in the sense of Riemann in every such interval. 
The character of the regions of convergence, of absolute 
convergence and of uniform convergence are determined. 
The properties as to analyticity of functions defined by 
integrals K(x) are treated. The character of the points, as 
to convergence, on the boundary of the region of conver- 
gence is determined, except for an isolated set of points. 
The character of the isolated points is determined except 
in very special cases. Convergence numbers in terms of 
y and g are determined. A necessary and sufficient condition 
for the convergence of K(x) is established. 


33. Professor Cornelius Gouwens: Invariants of the linear 
group, modulo = ph.-- 

The transformations congruent, modulo z to a given trans- 
formation 7’ form a class [7'],. These classes are the elements 
of a group 7. This group is formed by composition of the 
subgroups G; of classes [T],, T= 1 (mod m= 


T =1 (mod p*#). A function invariant under is invariant 
under every G;. The subgroup G; is simply isomorphic with 
the group H; of classes [S], of transformations S whose 
determinants are congruent to unity modulo P= p#. Every 
invariant of J is a sum of invariants each of which is 
expressible as a product of m; by an invariant of the 
group Hj. 


ARNOLD DRESDEN, 
Assistant Secretary. 


| 
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INVARIANCE OF THE POINCARE NUMBERS 
OF A DISCRETE GROUP 


BY OSWALD VEBLEN 


Some time ago Professor J. Nielsen of Copenhagen kindly 
pointed out to me that the last statement in § 30, page 142, 
of my Colloquium Lectures on Analysis Situs is incorrect; 
i.e., it is not true that “(12) is a necessary condition that 
(10) shall be a transformation to a new set of generators 
of G.” For in solving equation (11) account must be taken 
of the generating relations. 

This error invalidates the argument given in the next 
two sections for the invariance of the Poincaré numbers of 
a group G. It therefore seems worth while to point out the 
following rather obvious way of proving this invariance. 

We are considering a group G determined by a finite 
number of generators 


Yn 
and a finite number of generating relations 


1, 2,...,D. 


This group determines uniquely a commutative group G 
defined by the condition that it has m generators subject 
to (1) and the condition that all operations of the group be 
commutative. In view of the commutativity, the generating 
relations of G@ reduce to 


V2 eee in 1 
g 


Vit = it t+ bit +-->+jit- 


For the group G, a new set of generators ,, he, ..., hn 
can be found, as explained in § 31, for which the generating 


(2) 


where 


= | 
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relations are 
(3) Mew], ..., Mei 
1 2 r 


where those of the exponents d,, dz,..., d, which are not 1 
are the invariant factors of the matrix | 7% |. 

An operation of G is of finite period if and only if it is in 
the group H generated by the operations /,, hse, ..., hy and 
the relations (3). Hence H contains all operations of G of 
finite period. Moreover H is a finite group because it is 
commutative and generated by a finite number of operations 
each of finite period. The invariant factors of | y| are 
invariants of H (Kronecker, BERLINER MONATSBERICHTE, 
1870, p. 885). 

These invariant factors are what Tietze calls the Poincaré 
numbers of the group G. They are invariants of @ because G 
determines the commutative group G uniquely and G deter- 
mines the finite group H uniquely and H determines the 
invariant factors uniquely. 


PRINCETON UNIVERSITY 


ANALYTIC FUNCTIONS AND PERIODICITY* 


BY J. F. RITT 


This paper presents two theorems which show that the 
condition that a function be periodic can be analyzed, in 
different ways, into a set of requirements, from the satis- 
faction of only one of which, if the function is analytic, 
the periodicity of the function can be inferred. The 
theorems are 

THEOREM A. If f(z) is a uniform analytic function, and 
if an a>O exists such that every z, at which f(z) is analytic 
is the center of a circle of radius a on which a 2 les at 
which f(z) is analytic and assumes the same value as at 2, 
then f(z) is periodic, and has a period of modulus a. 


* Presented to the Society May 3, 1924. 


= 
= 
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THEOREM B. Jf f(z) is a uniform analytic function, and 
if every 2 at which f(z) is analytic belongs to a sequence 
of non-coincident points in arithmetic progression, at each 
of which f(z) is analytic and assumes the same value as 
at z,, then f(z) is periodic. 

In A, the condition that z,—z. have a constant modulus 
can be replaced by the condition that it have a constant 
argument, or, for that matter, a constant real or pure 
imaginary part. Also, in both theorems, the condition that 
JS(2) be uniform is not essential, and is made only to keep 
cumbersome statements out of the proof. 

Theorems similar to the above can be proved for other 
peculiarities than periodicity. Many types of functional 
equations can be studied from the point of view of this 
paper. 

We shall use the following lemma. 

LemMA. Given a non-constant uniform analytic func- 
tion f(z), and a transformation which carries every 2, at 
which f(z) is analytic into a 2, at which f(z) is analytic 
and assumes the same value as at 2,, there exists an analytic 
Junction such that ze = for a set of points 
dense in some area. For every z in this area, f[g(z)] = f(2). 

If f(z) is analytic at z and if f(z) +0, there are circles 
with z as center inside of which f(z) is analytic and assumes 
no value more than once. For any z, one of these circles 
—call it c—has a maximum (perhaps infinite) radius. Those 
maximum circles c for the center of which, z= x+72y, 
both x and y are rational, are countable. Let them be 
arranged in a sequence 


It is easy to see that every z for which f(z) is analytic 
and +0 is interior to some 

Take now any circle y inside of which /(z) is analytic 
and assumes no value more than once. For every % in 7, 
the hypothesis of the lemma provides a z,. Those points 2, 
at which /(z.) 0 are countable, for the zeros of an 


408 J. F. RITT [ October, 


analytic function which is not identically zero are isolated. 
Every other z. lies within some cy; associate with its 2, 
the cn of smallest » in which z, lies. In this way those 
points z, of y for which f’(z.) + 0 are separated into a count- 
able number of sets. Not all of these sets can be nowhere 
dense, for their sum differs from all of y by a countable set. 

Hence there is a ¢, and a set of points—call it M—dense 
in some area within y, such that for any z, of M, 2 lies 
within ¢p. 

Take, and hold fast momentarily, any z, of M which is 
the center of some circle—call it 7—in which M is dense. 
As f(2,) = /(é2), we can take I so small that f(z) assumes 
no value in J which it does not assume within cp. To 
associate with every point of I that point of c, at which f(z) 
assumes the same value is to define a ¢(z) which is analytic 
in /. Furthermore, for a set of points z, dense in 7, 
Ze = (z,). This proves the lemma. 

It is now easy to prove Theorem A. Because *|z2— Z| 
is constant, the modulus of g(z) is constant for a set of 
points dense in J. As the modulus of ¢(z) is continuous, 
it is constant throughout /. An analytic function with 
a constant modulus is a constant. Let h be the constant 
value of ¢(z); of course h+0. Then f(e+h) = f(z) for 
every z in J’, and hence throughout the domain of existence 
of f(z). 

Considering Theorem B, suppose that, for every 2 at 
which f(z) is analytic, a number h(z,)+0 exists such that 
(2) is analytic, and equal to f(z), at every z,+ mh(z,) 

According to the lemma, there exists a circle I, a set M 
dense in and an analytic g(z), such that g(z,) = 2, +h(z,) 
for every z, in M. 

Suppose that g(z)—-z is not constant. Barring out the 
trivial case in which f(z) is constant, we may assume that 
neither f(z) nor g(z)—z assumes any value more than 
once in I’; this can always be brought about by replacing I 
by some circle within 7. Let 7’ and I” be two circles 
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concentric with F, and of radii respectively one-half and 
one-quarter that of I. 
Consider the function 


= + 


where m is any positive integer. As m increases this 
function approaches ¢(z)——z uniformly in 7, so that, for 
m large enough, it assumes no value more than once in I”, 
but assumes in J” every value which ¢(z)—z assumes 
in ”. The values assumed in I” certainly cover some 
circle A. 
Consequently, for m large enough, the function 
Wm (2) = 

maps J” conformally, in a one-to-one manner, upon a region 
2m Which covers a circle Am, of radius m times that of A. 

Let z be in J’. Associate with (2) the number /(2). 
This defines a gm(z), analytic in =». Now Wm(z) maps 
those points of M which lie in 7” into a set of points 
dense in 2. Since Wm(z,) = 2,+mh(z,) for in MU, 
JF (2) and gm(z) are equal for a set of points dense in =», 
and therefore throughout 2,. 

As f(z) assumes no value more than once in 7”, f(z) 
assumes no value more than once in =. Consider any 4 
of M such that Wm(z,) is very close to the center of Am. 
Since h(z) = ¢(z)—z for z in M, h(z) is bounded for z 
at once in M and in 7’. Hence if m is large, so that 
Am is large, Wm(z,)+h(z,), at which f(z) takes the same 
value as at W»,(z,). will lie in Am, and so in 2. This 
contradiction with the statement at the head of the 
paragraph proves that g(z)—z is constant; it is not zero, 
for no h(z) is zero. As f[y(z)] = f(z) for z in T, f(z) is 
periodic. 


CoLuMBIA UNIVERSITY 
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A CONVERGENCE PROOF FOR 
SIMPLE AND MULTIPLE FOURIER SERIES* 


BY M. G. CARMAN 


The purpose of this paper is to establish the convergence 
of both the simple and the multiple Fourier series with 
a second order linear homogeneous differential equation as 
a starting point. The method of proof for the simple series 
is essentially that of Birkhofft applied to a special case. 
In the extension of the theory to the multiple series, the 
argument is similar to that used by Campt in connection 
with a first order equation. Apart from any relation with 
more general theory, the proofs given here are of interest 
because of the elegance with which they lead to important 
results. 

THEOREM I. Let f(x) be made up of a finite number of 
pieces in the interval —a<ax<a, each real, continuous, 
and with a continuous derivative. For —n<a2< 7 the 
Fourier series for f(x) converges to [| f(a—0)+/(x+ 0)]. 
For it converges to 4[f(—2+0)+/(a—0)]. 

We start with the differential equation 


(1) y"+ey =0, 
and the boundary conditions 
(2) y(— 7) y (7), y' (—2) y' (x), 


where x is the independent variable and 9? is a parameter. 

It is easily seen that a necessary and sufficient condition 
that the system (1), (2) have a solution is that @ be a positive 
or negative integer, or zero. These integral values of @ 


* The means of approach to Fourier series which is employed in 
this paper was suggested to a class of graduate students by Professor 
R. D. Carmichael; the problem was solved completely or in part by 
several members of the group. 

+ TRANSACTIONS OF THIS SoctETy, vol. 9 (1908), p. 390. 

t TRANSACTIONS OF THIS SocrETy, vol. 25 (1923), pp. 123-34. 
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are called the characteristic values. We now seek a function 
which, for all values of @ other than the characteristic 
values, satisfies conditions (2) and comes as near as possible 
to satisfying (1) throughout the interval —a <2<~a. Under 
one interpretation of “as near as possible” this function, 
which we shall call G(z, §; 0”), is the function which satis- 
fies the boundary conditions and also satisfies equation (1) 
at every point of the interval, —a~<x2< 17, except at one 
point &, at which point G(z, §; e*) itself is continuous but 
its derivative with respect to x has a jump of 1. We may 
compute G(x, as follows: let 
(3 COS 0x + ex, when 
where the «’s are independent of x. There are four relations 
among the c’s, which are sufficient to determine them 
uniquely; two imposed by the boundary conditions, one by 
the condition of continuity of G(a, §; 0”) at x = &, and the 
fourth by the condition of discontinuity of G(x, §; e*) at 
x =&. This last relation, written explicitly, is 
+ 0, §; — —O, 0?) = 1, 
or 
— ¢3e sin + cos —(— cosines + cos e&) 1. 
In this way we find 


(3) G(a, §; 


Considered as a function of e, G(x, &; 07) is analytic 
except at the characteristic values of 9. For @ a positive 
or negative integer, G(x, &; 0°) has a pole of the first order, 
while at @ = 0 it has a pole of the second order. In order 
to reduce this second order pole to one of the first order, 
multiply both members of (3) by @ and then consider the 
function @G(x,§; 0”), which is analytic except for simple 
poles at the characteristic values of e. Denoting by Rp(z,§) 
the residue of oG(x,£;07) at 9 =n, one readily finds that 


cos cos (eax — 0) 


[sem sin (gx — 8) + 
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Ra(x, §) = = cos(nx—n 6) 
“9S 2 
whence 


1 > 


=: on (cos nx cos n§ + sin nx sin n §), 


where /;, is a circle in the g-plane with center at e =n 
and radius 4. The Fourier series for f(x) is 


co 
(5) $a) + (a, cos nx + by sin nx), 
n=1 
where 


1 
cos n& 
(6) 


bn sin n& f(&)d&, (n = 0, 2, ). 


The general term of this series is 
An COS nx+ by sin nx 


{ (cos nx cos n& + sin nx sin n §)f(§) 
e 


which, by virtue of (4), may be written in the form 

This same term will clearly be obtained if the contour 
integration is along instead of Hence, if Cy isa 
circle in the e-plane with center at the origin and radius 


k+4, and if S, denotes the sum of the first k-+1 terms 
of (5), we have 


1 
G(x, &;07) f(S) d Ede. 
(x, F;e°)f(S)d ede 
The limit of this double integral is desired as k becomes 
infinite. For this purpose the integral is broken up into 
two parts, and the limits of being —7 and 
xin and x and a in Jj", where —a7 <7 <7. 


dn cos nx + by sin nx = f o G (x, §; 07) Edo. 
nv’ 
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Considering J; ”* and integrating by parts with respect 
to €&, we have 


—f()dede 


sin 9 7 


= fee—0)-+ +0) 


e, SIN @ 


As k becomes infinite each of the three parts of I, ”” con- 
tributes a certain amount to the sum of the series which 
we are seeking. The contribution of 


S(z—0)de 


is easily seen to be 4f(a—0). We now show that the 
contribution of each of the other two parts is zero. In 
the e-plane let p; 
and pe be two 
parabolas with 
vertices at the G B 
origin and axes 
coinciding with Pr p, 
the axis of reals, 
p, lying in a right 
half-plane, meet- 
ing Cy in the 
points A and B. 
and pe lying in a 
left half - plane, D A 
meeting C; in the ys 
points C and D. 
Then along the 
arcs AB and CD | sin gx/sin 97 | is bounded while the product 
of |1/@| and the length of the path of integration goes 
to zero as k becomes infinite. On the other hand, along 


414 M. G. CARMAN [ October, 


the ares BC and DA lim, =~ | sing z/sinea| = 0, since 
the imaginary part of @ becomes infinite with k, while the 
product of |1/g@! and the length of the path of integration 
is bounded. Therefore the contribution of the second part 
of J,” is zero. To see that the third part of J; ™” also 
contributes zero, take the absolute value of the integrand, 
replace | f’ (§)| by an upper bound WM, integrate first with 
respect to € and then, breaking up C; with the parabolas 
as before, integrate along Cx. 

In precisely the same way one sees that as k becomes 
infinite the total contribution of [j7* is }4 S(x+0). The 
theorem is now proved for interior points of the interval. 
It may be extended to include the end points +7 and —z 
in the following way. Let @(z) be a function of period 27, 
identical with f(z) in the interval — 7<x<_a. By the part 
of the theorem already proved (x) is represented by its 
Fourier series in the interval 0<a2<2za except possibly 
at «=a. Let g(x) = O(~+ 2). It may easily be shown 
that the Fourier constants of g(x) as calculated directly 
from formulae (6) are identical with those obtained by 
replacing x by x-+ 7 in the Fourier series for O(x). But 
since g(x) satisfies all the conditions of the theorem, its 
Fourier series converges at x 0 to 4[g(+0)+ 9(—O)]. 
Hence at « = a, the Fourier series for f(x) converges to 

3[9(+0)+9(—0)] = 0)+ O(2—0)] 
= 
Similarly at = —a, the Fourier series for f(x) converges 
to the same value. 

THEOREM Il. Let f(1%,%2,..., 2%) be made up in the 
region —n<ajin (7 = 1,2,...,h) of a finite number 
of pieces, each real, continuous, and with continuous 
partial derivatives with respect to %2,..., 2%. Then the 
Fourier series for f (21, %2,...-,Zx) converges to the value 


1 : : 
Ses +0, v2 +0,...,2%%+0), where the summation sign 


means the sum of the 2* terms obtained by taking all possible 
combinations of the positive and negative signs. If xj = +2, 
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instead of x2;+0 and read —x+0 and 
respectively. 
For the sake of simplicity the proof is given here for 
k = 2. The method is clearly applicable to the general case. 
We now use the system 


Calculating the residue of e, G(x,, §,; 0?) at m, and that 
of G(x,, 03) at e, = m and taking the product of these 

residues, one finds 


1 \? 
| 0, F(x, 07) 0 05) de,de, 
I'm 


1, 2). 


(7) = loos COS COS mE, cos 


+cos m2, sinnx, cosmé, sinn§.-+ sin mx, Sin mE, cosns, 

+sin mx, sin nxz sin sin 
where I, is a circle in the 9,-plane about the pole e, = m 
and is a circle in the g2-plane about the pole 


The Fourier series for f(x, x2) is 
co 


(8) Emn|Amn COS MX, COS Bmn COS M2, SIN 
m,n= 


+ Sin Mx, COS + Dn Sin MX, Sin 
where : 
if m=n=0, 
Eman = =, if m= 0, n>0, or if m>0, n 0, 
1, if m>0, n>0O, 
and where 


fe cos m&, cos f(§,, dé, ds, 

feos m&, sin f (&, d&, dé, 

(9) 
Coun = fas sin mé, cos nk, dé, dé, 


1) fsin mé, sin n&, f(§,, £2) d&, 
—Te 


416 M. G. CARMAN October, 


Combining formulas (7) and (9), we have 


Amn COS MX, COS + Bmn COS Mx, SIN N72 
+ Cnn Sin mr, COS + Sin ma, SiN 


\/ Vint’ im’ 


The first member of this equation, which is the general 
term of (8), will also be obtained if /, is replaced by I’m 
or I), by Fn, or if both these changes are made simul- 
taneously. Hence, if 7, and J, are replaced by Cy and 
Ci, respectively, where Cy is a circle in the o,-plane with 
center at the origin and radius ~-+4, and C;{, is a circle 
in the gs-plane with center at the origin and radius v-+ 3, 
the second member of (10) gives four times the sum of 
the terms of (8) for which m<yw and n<v. Let Sw be 
this sum. Then we have 


ye &,) dE, de, de, 


To find the limit of this four-fold integral as w and » 
become infinite, theorem I may be used, for by interchanging 
the order of the integrations with respect to & and o, the 
integral becomes simply a succession of two double integrals, 
each of the type evaluated in the proof of Theorem I. 
Integrating first with respect to §, and g,, and then with 
respect to & and gs, we have 


Sw = —0) + flr +0, 
+ f(a,—0, +0)+ f(a +0, xe +0)]. 
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ON CERTAIN TOPICS IN 
THE MATHEMATICAL THEORY OF STATISTICS* 


BY H. L. RIETZ 


1. Introduction. The mathematical theory of statistics 
dates back to the first publication? relating to Bernoulli’s 
theorem in 1713. The line of development started by 
Bernoulli was carried forward by DeMoivre,{ Stirling,§ 
Maclaurin,|| and Euler{] culminating in the formulation 
of the Bernoulli theorem by Laplace** in substantially the 
form in which it still holds a fundamental place in mathe- 
matical statistics. 

The Théorie Analytique des Probabilités of Laplace is un- 
doubtedly the most significant publication at the basis of 
the development of mathematical statistics. Strangely 
enough, for a period of more than fifty years following 
the publication of the work of Laplace in 1812, little of 
importance was contributed to the subject. To be sure, 
the second law of error of Laplace was developed by Gauss 
and given its important place in the adjustment of observa- 
tions, but there was on the whole relatively little progress. 
Perhaps a complex of causes was involved, but three fairly 
plausible reasons may be assigned for the lack of contri- 
butions to mathematical statistics at this period. First, La- 
place left many of his results in the form of approximations 


* A Report presented by request of the Program Committee at the 
symposium held in Chicago, April 25, 1924. 

+ James Bernoulli, Ars Conjectandi, 1713, pp. 210-39 (published 
eight years after his death). 

t A. DeMoivre, Doctrine of Chances (3rd ed. 1756) pp. 243-54. 
Miscellanea Analytica, 1730, pp. 191-97, Supplement. 

§ J. Stirling, Methodus Differentialis, 1730, p. 135. 

|| C. Maclaurin, A Treatise on Fluaxions, 1742, p. 672. 

q L. Euler, Comm. Acap. Petrrop. 6, 1732-33, ed. 1738, pp. 88-97. 

** P.S. Laplace, Théorie Analytique des Probabilités, 3ieme ed., 
1820, vol. II, Chap. II, pp. 280-85. 
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that would not form the basis for further development. More- 
over, many of his theorems were not demonstrated with 
even a fair degree of rigor, and it required the work of 
Cauchy and others to supply proofs of the theorems. This 
was important work, but it did not, in general, lead to new 
results of importance in mathematical statistics. Second, 
the followers of Gauss promulgated the idea that the de- 
viations from his law of error are due to lack of data, and 
this attitude was not conducive to the creation of general- 
ized frequency functions. Third, Quetelet* was busy as a 
popularizer of mathematical statistics. His somewhat sensa- 
tional language about the stability of social statistics, say 
of the number of suicides from year to year, caught the 
imagination; but unfortunately he often asserted the 
existence of stability on insufficient evidence. The activity 
of Quetelet cast upon statistics a suspicion of quackery, 
which still exists to some extent. Moreover, it will probably 
always be found that those statisticians who use mathematical 
formulas without guarding well their limitations are likely 
to have influence productive of an evil very similar to that 
produced by Quetelet. 

An important step in advance was taken in 1877, only 
three years after the death of Quetelet, in the publication 
of the theory of Lexist for the classification of statistical 
distributions with respect to normal, supernormal, and sub- 
normal dispersion. This theory is based on urn schemata 
of different constitutions, and pays much attention to the 
degree of constancy of statistical ratios obtained from 
different parts of the field of observation. Charlier? states 
that this theory of Lexis is the first essential step forward 
in mathematical statistics since the days of Laplace. J. M. 


* A. Quetelet, Lettres sur la Théorie des Probabilités Appliquée aux 
sciences, Morales et Politiques, 1846. 

+ W. Lexis, Zur Theorie der Massenerscheinungen in der mensch- 
lichen Gesellschaft, 1877, p. 95. 

tC. V. L. Charlier, Vorlesungen iiber die Grundziige der mathema- 
tischen Statistik, 1920, p. 5. 
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Keynes* expresses a somewhat similar view. These may, 
however, be extreme views, when we take into account 
the fact that the inequality of Tchebychef was published 
earlier than the theory of Lexis. 

The development of generalized frequency curves and a 
theory of correlation in the decade 1890 to 1900 started 
the period of activity in mathematical statistics in which 
we find ourselves at present. 

After a first survey of various topics in the mathematical 
theory of statistics for consideration in this symposium, 
it seemed desirable to adopt some principle of selection 
or elimination of topics. But I have discovered no satis- 
factory principle of selection except a sort of principle of 
personal interest which leads me to restrict my remarks 
to certain points of interest under the following general 
headings: 

I. Generalized frequency curves. 

Hi. Correlation. 

Ill. Frequency surfaces. 
IV. Theory of random sampling. 


No claim is made that the topics selected are more 
appropriate for consideration in this symposium than others 
which could easily be named, particularly if we should draw 
upon recent activities in the special fields of economic, 
mortality,t and stellar§ statistics. My interest in the 
general theory of statistics would lead me to include the 
theory of Lexis with the recent generalization by J. L. 
Coolidge,|| except for the fact that this theory has become 
readily accessible to members of the Society. 


* A Treatise on Probability, 1920, p. 393. 
+ Irving Fisher, The Making of Index Number, 1922. 
+ James W. Glover, U.S. Life Tables, 1921. 
Arne Fisher, Frequency Curves, 1922. 
§ K. G. Malmquist, On some relations in stellar statistics, ARCHIV 
FOR MATEMATIK, ASTRONOMI ocH FystK, vol. 16, No. 23, 1923. 
|| This BuLtetry, vol. 27 (1920-21), p. 439. 
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I. GENERALIZED FREQUENCY CURVES 


2. Introduction. In the decade from 1890 to 1900, it 
became well established experimentally that the Gaussian 
probability function is inadequate to represent all frequency 
distributions which arise in biological data. When the 
problem of developing generalized frequency curves was 
finally attacked, the attack was made from several different 
directions. Thiele* and Charlier+ in Scandinavian coun- 
tries, Pearsont and Edgeworth§ in England, Fechner|| 
and Bruns] in Germany developed theories of generalized 
frequency curves from viewpoints which give very different 
degrees of prominence to the Gaussian probability curve 
in the development of a more general theory. Among other 
things, I hope to give a brief exposition of the most striking 
differences in these viewpoints while considering certain 
properties of the two systems of frequency curves to which 
I shall direct special attention—the Pearson system and 
the Charlier system. 


3. The Pearson System of Generalized Frequency Curves. 
Pearson’s first memoir** dealing with generalized frequency 
curves appeared in 1895. In this paper he gave four types 
of frequency curves in addition to the normal curve, with 
three sub-types under his Type I and two sub-types under 
his Type III. He published a supplementary memoirt7 in 


* T. H. Thiele, Almindelig Iagttagelseslaere, Copenhagen, 1889. 

7 C.V.L. Charlier, Ueber das Fehlergesetz, ARCHIV FOR MATEMATIK, 
ASTRONOMI ocH FysiIk, vol. 2, No. 8, 1905, pp. 1-9. 

Die zweite Form des Fehlergesetzes, Ancuiv, vol. 2, No. 15, 

1905, pp. 1-8. 

t Karl Pearson, Mathematical contributions to the theory of evolu- 
tion, PHILosopHIcAL TRANSACTIONS, A, vol. 186 (1895), pp. 343-414. 

§ F.W. Edgeworth, The asymmetrical probability-curve. P#HiLoso- 
PHICAL MAGAZINE, vol. 41 (1896), pp. 90-99. 

| G. T. Fechner, Kollektivmasslehre (edited by G. R. Lipps), 1897. 

q| H. Bruns, Ueber die Darstellung von Fehlergesetzen, AsTRO- 
NOMISCHE NACHRICHTEN, vol. 143 (1897). 
** Loc. cit., pp. 343-414. 
+7 PuitosopuicaL Transactions, A, vol. 197 (1901), pp. 443-56. 
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1901 which presented two further types. A second supple- 
mentary memoir* which was published in 1916 gave five 
additional types. Pearson’s curves, which are widely different 
in general appearance, are so well known and so accessible 
that we shall take no time to comment on them as graduation 
curves for a great variety of frequency distributions, but 
we shall attempt to indicate the genesis of the curves with 
special reference to the methods by which they are grounded 
on or associated with underlying probabilities. 

We shall consider a frequency function y = F(x) of 
one variable, where F(x)dx differs at most by an infini- 
tesimal of higher order from the probability that x taken 
at random falls into the interval z to x+dz. Pearson’s 
types of curves y = F(x) are obtained by integration of 
the differential equation 


(1) dy 

dy Cot 
and by giving attention to the interval on x in which 
y = F(a) is positive. Obviously, the Gaussian curve is 
given by the special case —c, 0. We may easily 
obtain a clear view of the genesis oi ihe system of Pearson 
curves in relation to laws of probability by following the 
early steps in the development of equation (1). The deve- 
lopment is started by representing the probabilities of 
successes in » trials given by the terms of the symmetric 
point binomial (1/2-++1/2)" as ordinates of a frequency 
polygon at intervals Ax. It is then proved that the slope 
Ay/Ax of any side of this polygon is 

= —Ky(x+a), 
where x and y, respectively, are the mean abscissa and 
the mean ordinate of the side of the polygon. By passing 
to the limiting situation, we may write 


k®y(a a), 


dy 
ds: 


“* PHILOSOPHICAL Transactions, A, vol. 216 (1916), pp. 431-57. 
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from which we obtain the Gaussian curve. The next step 
consists in dealing with the asymmetric point binomial 
(p+q)”" in a manner analogous to that used in the case 
of the symmetric point binomial. This procedure gives the 
differential equation 

dy y(x +a) 

dr @+qx’ 


from which we obtain the Pearson Type III curve 
Y= (1 + =) 


That is, with respect to the slope property, this curve stands 
in the same relation to the a priori most probable values 
given by the asymmetric binomial polygon as the normal 
curve does to a priori most probable values given by the 
symmetric binomial. Thus far the underlying probability 
of success has been assumed constant. The next step consists 
in taking up a probability problem in which the chance of 
success is not constant, but depends upon what has happened 
previously in a set of trials. Thus, the chances of getting 
r,r—1,r—2,..., 0 black balls from a bag containing 
pm black and gn white balls in drawing r balls one at a 
time without replacements are given by the successive terms 


(pn)r—s 


(n)r 


of a hypergeometric series. When the terms of this series 
are represented as ordinates of a frequency polygon, and 
the slope of a side is found in a manner analogous to that 
used in the case of the point binomial, we obtain the 
differential equation (1) from which the Pearson curves are 
obtained by integration. 

The idea of obtaining a suitable basis for frequency 
curves in the probabilities given by terms of a hyper- 
geometric series is the main principle which supports the 
Pearson curves as statistical probability or frequency curves 


= 
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rather than as mere graduation curves. That is to say, it 
is assumed in this system, that the distribution of statistical 
material may be likened to the law of probability represented 
by terms of a hypergeometric series. In examining the 
source of the Pearson curves, the fact should not be over- 
looked that the Gaussian probability curve can be derived 
from hypotheses containing much broader implications than 
are involved in a slope condition of the side of a sym- 
metric binomial polygon. Can the generalized curves like- 
wise be derived from hypotheses involving broader implica- 
tions than are contained in the slope condition based on 
the probabilities given by a hypergeometric series? The 
answer seems to be unknown. 

The method of moments plays an essential role in the 
Pearson system of frequency curves not only in the deter- 
mination of the parameters but also in providing criteria 
for selecting the appropriate type of curve. Pearson has 
attempted to provide a set of curves such that some one 
of the set would agree with any observational or theoret- 
ical frequency curve of positive ordinates to the extent of 
having equal areas and equal first, second, third, and fourth 
moments of area about a centroidal axis. 

Let ms be the sth moment coefficient about a centroid 
vertical taken as the y-axis. That is, let 


Ms 


Next, let 8; = and Then it is Pearson’s 
thesis that the conditions 1, =O together with 
the equality of the numbers #2, £,, and A, for the observed 
and theoretical curves lead to equations whose solutions 
give such values to the parameters of the frequency function 
that we almost invariably obtain excellency of fit by using 
the appropriate one of the curves of his system to fit the 
data, and that badness of fit can be traced, in general, to 
heterogeneity of data, or to the difficulty in the deter- 
mination of moments from the data as in the case of J 
and U shaped curves. 
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Let us next examine the nature of the criteria by which to 
pass judgment on the type of curve to use in any numerical 
case. Obviously, the form which the integral y = F(x) 
obtained from (1) takes, depends on the nature of the zeros of 
the quadratic function in the denominator. An examination 
of the discriminant of this quadratic function leads to 
equalities and inequalities involving 8, and 4, which serve 
as criteria in the selection of the type of function to be 
used. A systematic procedure for applying criteria has 
been thoroughly developed.* The relations between 4, and 
8. are represented by curves in the 4,4.-plane. To illus- 
trate, the normal curve corresponds to the point 8, = 0, 
8, = 3 in this plane. Type III is to be chosen when the 
point (8,, is on the line 28. —38,—6 0; and Type V, 
when (8;, 42) is on the cubic 

B, (Bs +3)” = 4(482— (282—38, —6). 

In considering sub-types under Type I, the biquadratic 
B, (88, —98,— 12) (Bs + 3)° = (108, — 128, 18)? (483 — 
separates the area of J curves or modeless curves from the 
area of limited range modal curves and the area of U curves. 
Without going into further detail about criteria for the 
selection of the type of curve, we may summarize by say- 
ing that curves traced on the £,4:-plane provide the means 
of selecting the Pearson type of frequency curve appro- 
priate to the given distribution in so far as the necessary 
conditions expressed by relations between 4, and #, turn 
out to be sufficient to determine a suitable type of curve. 


4. Generalized Normal Curve.—Charlier System. As in- 
dicated in § 3, the Pearson system of frequency curves 
assigns only a point in the £,A.-plane for the region of 
applications of the Gaussian law in fitting frequency dis- 
tributions. It seems not unnatural, however, to have some 


* A. Rhind, Biometrika, vol. 7 (1909-10), pp. 127-35; cf. T'ables 
for Statisticians and Biometricians, 1914, pp. ix-ixx, and pp. 66-67; 
see also, Karl Pearson, loc. cit., PHiLosopHicAL TRANSACTIONS, A, 
vol. 216 (1916), pp. 429-57. 
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doubt about the Gaussian curve taking such a small place 
in the representation of frequency, and to turn with con- 
siderable interest to the Charlier system of representation 
of frequency which gives great prominence to the Gaussian 
probability function 


Among the early contributors to the theory of the general- 
ized normal curve we find Gram,* Thiele,t Edgeworth,? 
Bruns§ and Charlier.|| Of the various contributions to the 
subject, those of Charlier are particularly elegant and note- 
worthy. Charlier has shown by extensions of the Laplace 
theory based on the hypothesis of elementary errors that 
the law of error assumes one of the following two forms: 
TYPE A. 

F(x) = aoO(x)+ ag0® (x) + 


where a 


1 
and ®™(z) is the nth derivative of @(x) with respect to x. 
Type B. 
F(x) = (x) + AW (x) + co + (x) + 
where 


O(x) = 


nm \x (a—I)1! @—2)2! (r—3)3! 
Ade 


the Poisson exponential for non-negative integral values of x. 


* J.P.Gram, On Raekkeudvidlinger, bestemte ved Hjaelp af de minste 
Kradvaters Methode (Doctor’s dissertation), Copenhagen, 1879. 

7 T. N. Thiele, Almindlig Iagttagelseslaere, 1889; cf. Thiele, Theory 
of Observations, 1903. 

+ F. Y. Edgeworth, loc. cit; also The law of error, CAMBRIDGE 
PHILOSOPHICAL TRANSACTIONS, vol. 20 (1904), pp. 36-65, 113-41. 

§ H. Bruns, loc. cit; also Wahrscheinlichkeitsrechnung und Kellektiv- 
masslehre, 1906. 

|| C. V. L. Charlier, loc. cit; also Ueber Darstellung willkiirlicher 
Functionen, ARcHIV FOR MATEMATIK, ASTRONOMI OCH FysiIk, vol. 2, 
No. 20, 1905, pp. 1-35. 


1 _ 
y= =—— 
oV 2a 
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The Type A series represents an arbitrary function F(z) 
subject to certain conditions of continuity* and vanishing 
at infinity. The coefficients a, in Type A may be expressed 
in terms of moments of area under the given frequency 
curve because the functions ®” (x) and the Hermite poly- 
nomials H,(x) defined by the equation 


DO” (x) = (x) 
form a biorthogonal system. Thus 


n! 


an 


Since H,(x) is a polynomial of degree m in x, the co- 
efficients a, are thus given in terms of moments of area 
under the frequency curve. Moreover, the value of any 
coefficient thus obtained is the same as that obtained by 
finding the best approximation to F(x) in the sense of 
a certain least squares criterion by the first s terms of 
the series (s>mn). In the Type B series, the coefficients 
may be determined by the method of moments or by means 
of the semi-invariantst of Thiele. 

To be of practical value in fitting given numerical distri- 
butions, it is essential that only a few terms of the series 
in Type A be required to fit the distribution. The closeness 
with which the first few terms will represent a given func- 
tion F(x) depends much on the extent to which the gene- 
rating function ®(x) is a fair approximation to the distri- 
bution. In case the generating function ®(7) is not even 
a rough approximation to the distribution, it may be pos- 
sible to introduce in place of ®(x) a function of approxi- 
mation O(x) as a generating function in the series. N. R. 
Jergenseni has used the function 


* Wera Myller-Lebedeff, MATHEMATISCHE ANNALEN, vol. 64 (1907), 
p- 338; and H. Weyl, MaATHEMATISCHE ANNALEN, vol. 66 (1908), -p. 306. 

7 Arne Fisher, The Mathematical Theory of Probabilities, 1922. 
p- 271. 


t Undersigelser over Frequensflader og Korrelation, 1916, pp.177-93. 


— 
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_ log 


as a generating function and has by this means succeeded 
in representing closely some remarkably skew distributions. 
H.C. Carver* and Emeterio Roa have done some work on 
this plan of representation by introducing various types 
of generating functions. 

With respect to the selection of Type A or Type B of 
Charlier to represent given data, no criterion has been 
given which enables one to distinguish sharply between 
cases in which to apply one of these types in preference 
to the other, but Type B applies in general, to decidedly 
skew distributions, and particularly to those defined only 
at integral values of the variable when the Poisson ex- 
ponential is the generating function. While the systematic 
procedure in fitting Charlier curves to data is thus not so 
well standardized as the methods used in fitting curves of 
the Pearson system to data, tables of ®(#), where ¢ is in 
units of standard deviation, of its integral fi, Pdt, and 
of its second to eighth derivatives are given to five decimal 
places for t= 0 to ¢= 5 at intervals of .01 by James 
W. Glover,+ and tables of the function, its integral and 
first six derivatives are given by N. R. Jorgensen{ to 
seven decimal places for ¢—0 to t= 4. 

The question naturally arises as to the arguments which 
support the Charlier system of representation in comparison 
with the Pearson system. The Charlier system is surely 
the better grounded in the theory of probability, and is 
adapted to the representation of an arbitrary function subject 
to reasonable conditions of continuity and vanishing at in- 
finity. A disadvantage of the system is found in the fact 
that its application to numerical distributions is likely to 
be laborious, and the probable errors of the coefficients of 


* Cited in Handbook of Mathematical Statistics, by H. L. Rietz 
and others, 1924, p. 116. 

+ Tables of Applied Mathematics, 1923, pp. 392-411. 

t Loe. cit., p. 178-93. 
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the series are large if we find it necessary to use more 
than three or four significant terms. But even if the 
representation by the Charlier system proves to be so 
laborious that it is rarely used with the more common 
numerical distributions, the series is nevertheless of great 
value in the representation of laws of probability. To 
illustrate, take the problem of the distribution of the sum 
of m numbers selected at random from a uniform distribution. 
Laplace gave an approximate solution of the problem adapted 
to computation for the case when n is large, and applied the 
result of his theory to the question of the random distribution 
of the orbits of comets. The method of Laplace in obtaining 
the approximation is of doubtful validity. Cauchy* put 
Laplace’s approximation on a much more rigorous basis 
in a memoir published in 1841. In a paper which the 
writer presented to the Society last April, it is shown that the 
representation is given by the Type A function of Charlier, 
and that each additional term improves the approximation 
in the sense of a certain least squares criterion. Again, 
B.H.Camp in a recent paper? on certain important problems 
in sampling has made much use of the Type A representation 
in his theory. The point in citing these illustrations is that 
the Charlier representation is likely to be found very useful 
in the general theory of probability, apart from the fitting 
of frequency curves to numerical data. 


5. Transformation of Frequency Functions. Before leaving 
the subject of frequency functions of one variable, let us 
consider briefly the idea of regarding certain frequency 
functions as the result of transformation of the independent 
variable in simple frequency functions. F. Y. Edgewortht 


* A. L. Cauchy, JouRNAL DE L’EcoLe Cahier 28, 
vol. 21 (1841), pp. 147-248. 

+ JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION, vol. 18 
(1923), pp. 964-77. 

JovuRNAL oF THE RoyaL Statistica. Society, vol. 61 (1898), 
pp. 670-700. 
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and J.C. Kapteyn* proposed that skew frequency curves 
should be regarded as transformations of the Gaussian curve. 
It seems that this idea would accord with what happens 
in certain natural phenomena, although it is difficult to 
predict its generality. That is to say, if certain values are 
distributed normally, we inquire into the distribution of 
certain simple functions of these values. For example, the 
writer gave in a recent paper? certain properties of fre- 
quency curves obtained when the values of a normally 
distributed variable, x, are transformed by 
It is shown that the form and properties of the resulting 
distribution differ widely according as n <0, 0<n<1, and 
n>1. As another example, N. R. Jorgensen has made 
x» =log 2’ in the Gaussian frequency function thus obtaining 
1 __ (log — m)* 

He found the semi-invariants of Thiele for this function 
and showed that the function may replace the Gaussian 
function as a generating function in the Charlier series of 
Type A for the representation of certain skew distributions. 
Thus, it seems that functions arising from the transformation 
of variables may be found to be useful. 


I. CORRELATION 

6. Simple Correlation. It seems that Francis Galtont 
was the first to deal with correlation among direct obser- 
vations. If we should follow the historical development 
of correlation, we should simply give Galton’s definition 
of correlation and his ideas of the regression of one variable 
on another before proceeding to correlation surfaces in 
three dimensions. For example, the mathematical solution 
of the special correlation problem proposed by Francis 


* Skew Frequency Curves in Biology and Statistics, Groningen, 1903. 
7 H. L. Rietz, ANNALS OF MATHEMATICS, vol. 23 (1922), pp. 292-300. 
¢} PrRocEEDINGS OF THE RoyAt Soctery, vol. 40 (1886), p. 42. 
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Galton to J.D. Hamilton Dickson in 1886* consisted simply 
in giving the equation of a normal frequency surface to 
correspond to given standard deviations and regression 
lines. Furthermore, the early contributions of Karl Pearson 
to correlation theory involving the influence of selection 
were concerned with frequency surfaces.¢+ But, beginning 
with a paper by G. Udny Yule in 1897, the theory of 
correlation has been developed without limitation to a 
particular type of frequency surface. It is of some interest 
that Yule returned very close to the primary ideas of 
Galton, by placing the emphasis on the lines of regression. 
This method of Yule may be appropriately called the 
regression method of approaching correlation in con- 
trast to the frequency surface method. It is our purpose 
to present enough of the elements of the regression method 
to give a basis for a brief exposition of the nature of 
certain recent contributions to correlation from the re- 
gression standpoint. Special attention will be directed (1) 
to the general method of determining the successive terms 
of a non-linear regression equation, (2) to the connection of 
the correlation coefficient and regression curves with some 
simple problems of a priori probabilities, (3) to the deve- 
lopment of a theory of correlation of m variables in the 
ease of non-linear regression by means of multiple and 
partial correlation ratios. 

To introduce a convenient notation let (X,, ¥:),(Xe, Y),...; 
(Yy, Yy) be pairs of real numbers such that at least two 
of the X’s are unequal and at least two of the given Y’s 
are unequal. Let X,Y be the arithmetic means of the 
given values of X’s and Y’s respectively. 

Then let 

X;—X Y:i—Y 


i Or Yi Gy 


where o, and 6, are respectively standard deviations (root- 


* PROCEEDINGS OF THE RoyAL Society, vol. 40 (1886), p. 63. 
+ PHILosopHicaL TRANSACTIONS, vol. 187 (1896), pp. 253-318. 
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mean-squares) of X’s and Y’s, so that each deviation is 
expressed by its ratio to the standard deviation of the system 
to which it belongs. Then the correlation coefficient r 
is defined by 
i< 
(1) r= y 
| 


4 


By writing (1) in the form 


1 N 
(2) r=1 & yi’, 
and 
(3) 1+ on 


it follows at once that —1<r<1, and that the X;’s and 
“7s are linearly related when r —1 or —1. In papers 
by Huntington* and Jackson,t+ the significance of r is 
brought out in interesting ways by interpretations of 


N 
(ei—y?2N) in (2). 

In the sense of a certain least squares criterion, we may 
obtain the values of y corresponding to assigned values of 
x more accurately from y = rz than from any other linear 
equation. The line y = rz is called the line of regression 
of y on x. The mean square of the errors involved in 
using values of ra for the given y’s is 
Thus, 


(4) 1—s. 


Let us now conceive of dividing the whole interval along 
the x-axis which includes our data into suitable equal class 
intervals Az. Then the y’s which correspond to the 2’s 
in the interval Ax are called an zx-array of y’s. When the 
means of the arrays of y’s are on the line of regression 
y = ra, the regression of y on x is said to be linear. When 


*E. V. Huntington, AmMeRIcAN MATHEMATICAL MonrTHLY, vol. 26 
(1919), p. 425. 

+ Dunham Jackson, AMERICAN MATHEMATICAL MonTHLY, vol. 31 
(1924), p. 117. 
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the means of the arrays of y’s are far from the line of 
regression, the value of the correlation coefficient is likely 
to be misleading. For example, we* may have r = 0 for 
variables x and y when y is a simple periodic function of 2. 
To characterize correlation in such situations, Karl Pearson 
devised+ a measure of correlation called the correlation 
ratio, which we shall now describe briefly. By analogy 
with (4), we define 

(5) = 1—s? 


as the correlation ratio of y on x, where s‘? is the mean 
square of deviations of y’s from the means of arrays, and 
these means of arrays need not lie on or near a straight 
line. The s, in (5) agrees with the sy in (4) only when 
the regression is linear and Az —0. It is obvious that when 
sy, is small in comparison to unity there is a tendency for 
the points of the scatter diagram to concentrate in a narrow 
band along the regression curve, and we have a high degree 
of correlation. It is an easy step from (5) to deduce 


where oj, is the standard deviation of means of z-arrays 
of Y’s when the square of each deviation of a mean of an 
array is weighted with the number in the array. It is 
easily shown that 


and that the equality 77, 1° holds only in the case of 
linear regression. It may be noted from (6) that the corre- 
lation ratio of y on x is the ratio oj /o,, if the unit for 
measuring values of y is not oy. 

As early as 1905, the parameters of the special regression 
curves given by polynomials y — f(x) of the second and 


* See H. L. Rietz, QUARTERLY PUBLICATION, AMERICAN STATISTICAL 
ASSOCIATION, vol. 16 (1919), pp. 472-76. 

Tt On the general theory of skew correlation and non-linear regression, 
Drapers’ CompANY RESEARCH Memorrs, Biometric Series II (1905), 
pp- 1-54. 
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third degrees were determined in terms of power moments 
and product moments. In 1921, Karl Pearson* published 
a general method of determining successive terms of the 
regression curve of the form 


(7) I(x) = ApWo + + + OnWn, 


where dp, @,..., 4, are constants to be determined and 
ws is an orthogonal function of x. That is, 


> = 0, (s $ 8’), 


if the summation > be taken for all values of x corres- 
ponding to an arbitrary system of arrays with frequency 
in an s-array given by Ny. 


7. Simple Correlation and Probability. Thus far in this 
lecture correlation has been discussed by means of averages, 
ratios of averages, and by the correspondence between an 
assigned value of one variable and an average value of 
another. Probability theory has not entered in explicit 
form. Before leaving simple correlation, I wish to say that 
it has seemed important to me to construct urn schemata 
which would give a meaning to the correlation coefficient 
in pure chance. In a papery published in 1920, certain 
urn schemata were devised which give linear regression 
and very simple values for the correlation coefficient. Other 
schemata apparently equally simple give non-linear re- 
gression. The general plan of the schemata consisted in 
requiring certain elements to be common in successive ran- 
dom drawings. By means of partial correlation coefficients, 
J. R. Musselman? recently gave simple and interesting proofs 
of values of the correlation coefficients for those of my 
urn schemata in which the regression is linear. His method 
does not, however, replace my method because he assumes 
the existence of linear regression, which is proved in my 


* BioMETRIKA, vol. 13 (1921), p. 296. 

+ H. L. Rietz, ANNALS oF MATHEMATICS, vol. 21 (1920), pp. 307-22. 

+ JouRNAL OF THE AMERICAN STATISTICAL ASSOCIATION, vol. 18 
(1923), pp. 908-11. 
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paper. It is hoped that further contributions to correlation 
involving urn schemata will give the theory of correlation 
a more prominent place in the pure theory of probability. 


8. Multiple Correlation. Given N sets of values* of n 
real variables 2,,.2,...,2'n, Where any variable, 2;, is referred 
to the arithmetic mean of its NV given values as an origin, 
and is measured in units of the standard deviation, 9j, of 
its N given values. Let rp, be the correlation coefficient 
of the N given values of x, and x,. Then we seek to determine 
the parameters in the linear regression equation 
(3) + + Bintan te 
so that . computed from (8) will give the “best” estimates 
of the values of 2, to correspond to assigned values of 

Adopting a least squares criterion,+s we determine the 
coefficients in (8) so that 

(x 
shall be a minimum. This gives for the regression equation 
of ON rs, J’3,..., Dn 
where Rp, is the cofactor of the pth row and qth column 
of the determinant 


(9) — 


1 Vis Via 
Foy 1 V2n 
(10) R "31 Van 
i 


The correlation coefficient 7,.23.., between the observed 
values of x, and its corresponding estimated values x 
* We assume that at least two of the N given values of a variable z, 
are unequal. 
+ G. Udny Yule, Journat or THE StTAtisTICAL Society, 
vol. 60 (1897), p. 812. 
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calculated from the linear function (9) of x2, 73, ..., is 
called the multiple correlation coefficient of x, with the 
other »—1 variables. The multiple correlation coefficient 
1,.23--n is expressible in terms of simple correlation co- 
efficients by the formula 


If the scatter 0,.2;.., of the observed values of 2, from 
the regression hyperplane (9) is defined as the square root 
of mean square, that is, 


_ 

N 
it can be proved that 

R 

( 71-23 Ru 
and from (11) and (12) that 


9. Partial Correlation. It is often important to obtain 
the degree of correlation between two variables 7, and 22 
when the other variables 73, 74, ..., “n have assigned values. 
To illustrate, we may have found a correlation between 
characteristics A and B. A plausible interpretation may be 
that the correlation thus found is due to the correlation 
of each of them with C. In this case we could remove 
the influence of C if we have an unlimited amount of data 
by restricting our data to a universe of A and B corres- 
ponding to an assigned C. But usually the data are not 
readily available for such a procedure. Instead of thus 
restricting data, we would often make use of a partial 
correlation coefficient. We define r,..34.., as the partial 
correlation coefficient between xz, and xz. when we have 
eliminated the influences of the variables 23, 2, in 
so far as they can be eliminated by means of a linear 
function of these variables. That is, the partial correlation 
Y12-34--n iS the correlation between residuals 


28* 


order n—2, the 


this definition directly to data. 


—Rie 
(14) = 


relation coefficients may now be derived. 


= R,, — Ri, 
Hence we have 
R 
> > 
R,, Ry 


relation coefficient 7;.34.. 
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and 
V2 -34--H +++ 


in estimating 7, and 2. by means of linear functions of 
baa a wel r, and this partial correlation is said to be of 
number of variables held constant. 
would ordinarily involve a large amount of labor to apply 
Fortunately the partial 
correlation coefficient is expressible directly in terms of 
simple correlation coefficients by the formula 


VRu 


An important relation between partial and multiple cor- 


1 R Ris 
—r r = 

1-23 > 12°84--) / 

Ry Ri; Ros 
Hence we have 
Rk, R?, 
114% 22 2 
12°-34--n R,, 


By a well known theorem of determinants, * 


Thus we can express the partial correlation coefficient 
Y12-34--n Of order n—2 in terms of the multiple correlation 
coefficient 7,.23..n of order n—1 and the multiple cor- 
n Of order n—2. 


* Maxime Bocher, Introduction to Higher Algebra, 1912, p. 33. 


It 


From (11) and (14), 


> > 
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10. Non-linear Regression in n Variables.— Multiple Cor- 
relation Ratio. L. Isserlis* and Karl Pearson? have deve- 
loped a theory of non-linear regression in the case of more 
than two variables. Consider the variables 7, 72,23, ..., Xn, 
and we have an array of observed values of 2, whose 
mean value %;.23.., We may appropriately call the partial 
mean value of x’s for constant x2, 73,...,%n. Then we may 
define the multiple correlation ratio 4;.23..n of 2, ON 2%, 
by writing 


(16) 


(17) 


where o,, ,_., is the standard deviation of the means of 
arrays computed by weighting the squares of the deviations 
of these means from the mean x, — 0 of all z’s with the 
number Nos.., in the array. It may be observed from 
(17) that 41.25..» is the ratio o;,,,..,/%, if the unit for 
measuring values of 2, is not o,. We now define 04.23.- » 
by the equation 


the meant square of standard deviations of arrays of x 
for assigned values of other »—1 variables x, 73,..., Yn- 
From (16) and (18), we find 


It may be recalled that our definition of 74,2 for two vari- 
ables is such that 1—yj, is the mean square of standard 
deviations of the arrays of x, which correspond to assigned 
values of x2. Next consider » variables, and let x, be 


* BioMETRIKA, vol. 10 (1914-15), pp. 393-411. 

+ PROCEEDINGS OF THE RoyAt Soctgty, A, vol. 91 (1915), pp. 492-98. 

} The square of each standard deviation is weighted with the number 
in the array. 
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limited to those N3,.., values for which 23, 7,....7 are 


assigned. Then consider the expression 


where o{.34.., is the mean square of standard deviations 
of arrays of x, for assigned values of 73, 71,...,2n. In this 
restricted universe, we deal with two variables, x, and 22, 
and (20) is the mean square deviation for assigned values 
Of 13, 14, Zn, Where 712.84. .n is the partial correlation 
ratio of 7; on a2 for constant 23, 24,...,7n. That is 


9 

2 — 2 \= — 

Analogous to (19), we may write 

99 


Hence from (21) and (22), we have 


1—7- 
‘ 41-28--n 
(23) 1—72, , 
2-34--H 1—n- 
41-34--n 


From (23), we note that the partial correlation ratio of 
order n—2 can be expressed in terms of multiple cor- 
relations of order »—1 and »—2 in a form exactly ana- 
logous to that for expressing partial correlation coefficients 
in terms of multiple correlation coefficients. While the 
method of computing 7;.23..» is simple in principle, it is 
unfortunately laborious from the arithmetic standpoint. It 
is important as a next step in the investigation to discover 
a way of expressing multiple correlation ratios in terms 
of simple correlation ratios just as we know how to express 
multiple correlation coefficients in terms of simple cor- 
relation coefficients. lL. Isserlis has taken a step in this 
direction by showing that, for a certain type of quadric 
regression surface, the direct calculation of the multiple 
correlation ratio may be replaced by the calculation of four 
simple correlation ratios. But the general problem of ex- 
pressing the multiple correlation ratio in terms of simple 
correlation ratios is still unsolved. 
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FREQUENCY FUNCTIONS OF VARIABLES— 
CORRELATION SURFACES 


11. Normal Correlation Surfaces. The function 


is called a frequency* function of the » variables 
Dis Bay's 

gives to within infinitesimals of higher order the probability 
that a set values of 27;, %2,..., 2% taken at random will 
fall respectively into the intervals x, to 7,+dx, x2 to 
Xe +dig,..., In t0 Xn+dry. With the notation of §7 on 
multiple correlation, the natural extension of the Gaussian 
frequency function of one variable to the case of m nor- 
mally correlated variables 72, ..., gives a frequency 
function of the exponential type 


(1) Z 


0 


where ® is a homogeneous quadratic function of the 
variables and may be written in the form 

1 
the determinant R with correlation coefficients as elements 
and its cofactors Rpp and Rp, being defined in § 7. 

Karl Pearson+ published the general equation of this 
frequency surface in n+ 1 dimensions and dealt with certain 
of its important properties in 1896. F. Y. Edgewortht had 
partially developed the theory of this surface as early as 
1892. In three and four dimensions the form of the surface 
dates back to Bravais§ in 1846, but not as a surface of 
distribution of directly observed statistical measurements. 


(2) O= --- + ---), 


* Charlier calls f(a1,22,...,2n) a correlation function. See ARCHIV 
FOR MATEMATIK, ASTRONOMI OCH Fysik, vol. 8, No. 4 (1912). 

+ PuitosopHicaL Transactions, A, vol. 187 (1896), pp. 253-318. 

MAGAztInE, (5), vol. 34 (1892), pp. 190-204. 

§ Sur les probabilités des erreurs de situation d’un point, MEMOIRES 
PAR DIVERS SAVANTs, vol. 9 (1846), pp. 255-332. 
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Bravais considered the distribution of linear functions of 
independent errors in observed quantities rather than directly 
observed correlated variables. J. L. Coolidge* recently 
derived the Gaussian law of error for variables by stating 
explicitly a set of underlying assumptions. He obtained 
a surface of the form (1), and determined the parameters 
by expressing moments of actual errors in terms of moments 
of residuals. 

In our notation for simple correlation, § 6, the surface (1) 
in three dimensions takes the well known form 

2aV 
The equal-frequency curves obtained by making z take con- 
stant values are an infinite system of homothetic ellipses, 
any one of which has an equation of the form 


(3) 


(4) y?—2ray = 


When these ellipses are represented on the zxy-plane 
(scatter-diagram plane), the probability that an (2, y) taken 
at random will lie within the ellipse (4) is given by 

(5) 1—e 0-7), 

The particular ellipse of the system such that the proba- 
bility that an (x,y) taken at random will fall within it is 
one-half, is called the probable ellipse and has been frequently 
discussed. In a paper published in 1912, the writert defined 
the ellipse of maximum probability as that ellipse of the 
system along which, for a given small ring dd. we expect 
a greater frequency than along any other ellipse of the 
system. This ellipse is given by making 2? — 1—7? in (4). 
It is a fact of some interest that this ellipse is the locus 
of parabolic points of the correlation surface. 

One of the most interesting problems I have studied in 
connection with this surface relates to the determination of 


* TRANSACTIONS OF THIS SocrEty, vol. 24 (1922), pp. 135-43. 
7 H.L. Rietz, ANNALS or MATHEMATICS, vol. 13 (1912), pp. 187-99. 
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the locus along which the frequency or density of points 
on the plane of distribution (scatter diagram) bears a simple 
relation to the corresponding density under independence. 
Thus, we seek the curve along which dots of the scatter 
diagram are k times as frequent as they would be under 
independence where k is a constant. Equating z in (3) to k 
times the corresponding value of z when 7 — 0 in (3), we 
obtain the hyperbola 

1— 


9 
(6) yr— zy = log (k?— k?r?). 


Karl Pearson had dealt* with the particular case of this 
curve for k —1. I was impressed by the fact that the 
density of distribution at the centroid in (3) is 1//1—r? 
times as much as it would be under independence and was 
naturally inclined to inquire about the locus of all points 
for which k = 1//1—?? in (6). It turns out that in this 
case the hyperbola degenerates into straight lines 


(7) y= 4+V1—7*). 


These lines separate the plane of distribution into four 
compartments such that 1/4 is the probability that a pair 
of values (x, y) taken at random will give a point falling 
into any prescribed one of these compartments. Although 
no further discussion of the properties of normal correlation 
surfaces will be attempted in this paper, certain properties 
analogous to those mentioned for the surface in three 
dimensions would probably follow rather readily in the case 
of the surfaces in higher dimensions. The system of ellipsoids 
of equal frequencies has been studied to some extent.t In 
a recent paper by James McMahon,? the connection between 
the geometry of the hypersphere and the theory of normal 


* Drapers’ CompANy RESEARCH MeEmorrs, Biometric Series I, 
vol. 13, p. 10. 

+ See E. Czuber, Theorie der Beobachtungsfehler, 1891, pp. 355-82. 

+ Biometrika, vol. 15 (1923), pp. 192-208, paper edited by 
F. W. Owens after the death of Professor McMahon. 
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frequency functions of » variables is established by linearly 
transforming the hyperellipsoids of equal frequency into 
a family of hyperspherical surfaces, and by applying the 
formulas of hyperspherical goniometry to obtain theorems 
in multiple and partial correlations. 


12. Generalized Frequency Surfaces. The history of the 
difficulties which have been encountered in efforts to reach 
general skew frequency surfaces has been given recently by 
Karl Pearson.* He tells us that in 1895 after the publication 
of his memoir on skew frequency curves, he proceeded to the 
problem of skew frequency surfaces, and gave much time to 
attempting its solution. He became convinced on experimental 
grounds that a generalized frequency surface could not be 
obtained by taking the product of two of his skew frequency 
functions and transforming coordinates. Pearson next ap- 
proached the problem by endeavouring to determine surfaces 
which should grow out of the double hypergeometric series 
in a way analogous to that by which his skew frequency 
curves arise from the single hypergeometric series. He 
obtained the differential equations from the series, but he 
tells us he has failed to integrate them although he has 
returned to them again and again for nearly thirty years. 
In 1901, Pearson put the problem before L. N. G. Filon, 
who made some progress by obtaining certain special sur- 
faces. Pearson had also obtained a special surface for 
linear regression and for what he calls parabolic variance. 
In 1914, Pearson put his differential equations before 
L. Isserlis. In a paper on the application of Solid hyper- 
geometric series to frequency distributions of spacey, Isserlis 
solved the problem of fitting a double hypergeometric series 
to certain distributions of two variables. 

In 1923, Seimatsu Narumi--a Japanese mathematician— 
published? an important contribution to the solution of the 


* BIOMETRIKA, vol. 15 (1923), p. 222. 
7 PHILosoPHICAL MAGAZINE, (6), vol. 28 (1914), p. 279. 
{ Biometrika, vol. 15 (1923), pp. 77-88; pp. 208-221. 
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problem. It appears that Pearson suggested* to Narumi 
the problem of working from functional equations, with 
assumed forms of regression and scedastic functions, back 
to the frequency surface. All I shall attempt here is to 
give a general idea of this method of approach, and to state 
a few of the most interesting results. Let the regression 
curve of y on x be y = f2(x), and that of x on y be x = f,(y). 
Narumi gives 

= (x) 4, [ty —f2(x)} F,(x)], 


as the general functional equation of the frequency surfaces. 
One way of regarding this equation is to consider ®,(y) 
as giving the relative frequency of values existing for 
a total array curve corresponding to an assigned y. With 
the array curve assigned, #,[{~—/,(y)} F\(y)] would give 
relative frequencies at any point along the array curve in 
units on such a scale from array to array as to produce 
homoscedasticity because of the character of F,(y). That 
is, F,(y) and F(x) are variable scales of measurement which 
when used to multiply standard deviations produce homo- 
scedasticity. The method may be made clearer by dealing 
with some special cases. 

(a) Given linear regression and constant homoscedasticity, 
we have /i(y)= my+ aq, fo(x) = mex-+ co, where F,(y) and 
F(x) are constants. The solution of the special functional 
equation Jeads to the normal correlation surface. 

(b) Given linear regression and linear heteroscedasticity, 
we have = my+a, fo(x) = mex+e, and 
A(x + ag). 


1 1 
Then (8) takes the form 
where 4 M,4,;—C, and gs = lr. 


BioMEtRIKA, vol. 15 (1923), p. 224. 
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The solution of the special functional equation leads to 
(9) z= ge)” 

{(g.— as)(y +a,)+ (go— a, ae)}%, 
where )»;, ps, and q are arbitrary constants. This is the 
general frequency surface with linear regression both ways 
and linear heteroscedasticity. The array curves both ways 
are Pearson curves of Type I. If g,—as—0 in (9), by simple 
transformations, the equation may be put into the form 


(10) YT 
ALT I YT Y: rt+o 
where p; = p, +4. = This special 


case has for arrays one way Pearson curves of Type III 
and the other way Pearson curves of Type VI. 

(c) Given that the regression curves are certain equilateral 
hyperbolas both ways and that the standard deviations of 
arrays are of the form and respectively, 
it follows that the functional equation (8) takes the form 


= + es}, 


and its solution is yah» 


(11) z= , 


which gives Pearson’s Type III curves as array curves 
both ways. 

The special cases we have given are to be regarded 
merely as illustrative. Narumi derives a_ considerable 
number of other surfaces. The publications of Narumi on 
this subject are to consist of Part I, I], and III. Part II 
has not thus far reached me. 


13. Extension of the Charlier System of Representation 
to Functions of Two Variables. While great difficulties 
have been encountered in attempts to pass naturally from 
the Pearson system of generalized frequency curves to 
analogous surfaces for the characterization of frequency 
with respect to two variables, it appears that the way is 
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theoretically fairly clear for the extension of the Charlier 
system of representation to frequency functions of two or more 
variables. N. R. Jorgensen* has contributed to the solution of 
this problem. For simplicity, let us consider a continuous fre- 
quency function F(x, y) of only two variables x and y measured 
from their respective mean values and in standard deviations 
as units as in §6. Then the normal correlation function 
1 —4 Vix, y) 


where P(x, y) = (2?+ y?—2raxy)/(1—r?) plays a role in 
the representation of F(x,y) analogous to that taken by 
the simple Gaussian function in the Charlier theory. The 
series to be considered is of the form 


(r,y) 
(12) F(a, y) = >A U 
where U,,,, is a Hermitet polynomial defined by the equation 
—} 
m:n. 


Let #(x, y) = (x*+ y?+ 2ray)/(1—r*), and define Vin,» by 
the equation 
m!n! 
In 1920, A.Guldberg? directed attention to the fact that 
the coefficient Am,» is readily expressible in moments of the 
given frequency function F(z,y) by use of the well known 
fact that the functions e~?%*” U,,, and Vm,» form a 
biorthogonal system. That is, if we may assume the series (12) 
uniformly convergent, we find the coefficient 


7m! n! 


h m kn 


Since Vm,n is a polynomial in x and y, the coefficients 


* Loc. cit., p. 86. 

Compres Renpus, vol. 58 (Jan., 1864); cf. Oeuvres de Charles 
Hermite, vol. 2, 1908, pp. 301-5. 

} JOURNAL OF THE Statistica Society, vol. 83, p. 127. 
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Am.» are expressible as moments of F(z,y). The series 
represents the function subject to conditions of continuity 
and vanishing at infinity given by Wera Myller Lebedeff.* 
The question of representing data by the first few terms of the 
series has not been answered and can probably be answered 
only by experiments with a wide range of distributions. 


IV. THe THEORY OF RANDOM SAMPLING 

14. Introduction. The theory of random sampling deals 
with problems of drawing inferences concerning the con- 
stitution of a statistical aggregate or class of things from the 
nature of a representative part taken as a random sample. 
The drawing of such statistical inferences about a class of 
individuals from the analysis of a sample is fundamental 
in the applications of mathematical statistics in insurance, 
in biology, and in other branches of science. That is to 
say, past experience with limited samples has been applied 
very widely to predict future events among the class from 
which the sample was drawn. But when we undertake 
the exact formulation of the theory which supports the 
applications even in the case of the simplest statistical 
ratios, we may find ourselves involved in the disputes about 
the validity of the theory of inverse probabilities. It is 
not my purpose here to enter upon a discussion of this 
well known controversy. I mention it simply because it 
seems desirable to direct attention to two recent interesting 
papers on the subject by E.T.Whittaker+ and Karl Pearson} 
both published in 1920 as well as to the renewed attack on 
the theory by J. M. Keynes in his book published in 1921. 

The Pearson school of statisticians has accepted the theory 
of inductive probability, and the statisticians of this school 
have been very active in dealing with the problems of 
sampling errors in various kinds of averages, statistical 
coefficients and parameters of frequency curves. Among 


* Loc. cit., p. 415. 
+ TRANSACTIONS OFTHE FAcuLty oF ACTUARIES, vol.8 (1920), p. 163. 
* BroMeTRIKA, vol. 13 (1920-21), p.1. 


1924. ] REPORT ON STATISTICS 447 


the various sampling problems dealt with recently, the 
most interesting to me are the problems of the distribution 
of certain averages and coefficients obtained from small 
samples, and the extensions of the theorem of Tchebychef. 
I shall give the remaining time to these two topics. 


15. Fluctuations of Certain Averages obtained from Small 
Samples. In the development of the theory of sampling, 
the assumption has usually been made that the sample con- 
tains a large number of individuals. But the lower bound 
of large numbers has remained poorly defined in this con- 
nection. For example, the usual probable error formulas 
have been applied to as few as ten observations. If there is 
a misapplication of formulas due to smallness of the sample, 
the source of the error would probably lie in the fact that the 
statistical constants from small samples are not distributed 
even roughly in accord with a Gaussian probability curve. 

Beginning with a paper by Student* in 1908 there have 
been important experimental and theoretical results obtained 
on the distribution of arithmetic means, standard deviations, 
and correlation coefficients obtained from small samples. 
The material used in the experiments to which I refer 
consisted of 3000 pairs of measurements. The measurements 
were written on 3000 cardboards which were shuffled and 
from which 750 sets of 4 were taken. These provided two 
sets of 750 standard deviations each calculated from only 
four values, and 750 correlation coefficients each calculated 
from only four pairs of values. The distribution of the given 
3000 values was roughly Gaussian in character. The simple 
inspection of the frequency distribution made it fairly obvious 
that the standard deviations experimentally obtained from 
sets of four were not distributed in accord with the Gaussian 
curve. Student found by empirical methods that the curve 

nx? 


20” 


(1) y You" —*e 
seemed appropriate to give the distribution of standard 


* BIoMETRIKA, vol. 5 (1908), p. 1. 
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deviations s obtained from samples of n, where o is the 
standard deviation of the infinite population from which 
the samples are drawn. 

In 1915, Karl Pearson* took an important step in advance 
by obtaining the distribution of the standard deviations of 
samples of x variates from an infinite population distributed 
in accord with the Gaussian curve. He obtained from 
theoretical considerations the distribution of s identical with 
that which Student found experimentally. 

Moreover, by tabulating 8,, 82 and the measure of skewness 
for integral values of x from 4 to 100, Pearson shows that 
(1) approaches the Gaussian curve as 2 increases provided we 
accept certain necessary conditions, that is 8, == 0, 8, = 3, 
and skewness equal to zero, as sufficient for practical approach 
to this curve. 

From this table, Pearson concludes that for samples of 
50 the usual theory of probable error of the standard 
deviation holds satisfactorily, and that to apply it to samples 
of 25 would not lead to any error of importance in the 
majority of statistical problems. On the other hand, if a 
small sample, x < 20 say, of a population be taken, 
the value of the standard deviation found from it will be 
usually less than the standard deviation of the population. 

Turning next to the Student? experiment with the dis- 
tribution of the 750 correlation coefficients each computed 
from 4 pairs of values mentioned above. The correlation 
coefficient of the whole 3000 pairs from which drawings 
were made was r = .66. He further selected samples of 8 
and samples of 30 from the population of correlation r = . 66. 
An examination of the experimental results makes it fairly 
obvious that the distributions for samples of 4 and 8 pairs 
are far from normal, and that the average value of 7 from 
these small samples is smaller than the r—.66 of the 
total population of 3000 from which the small samples are 


* BromeTrIKA, vol. 10 (1915), p. 522. 
; BromMETRIKA, vol. 6 (1908-9), p. 302. 
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drawn. But with samples of 30, the correlation coefficient r 
approaches the correlation coefficient of the total population. 
In a paper published in 1913, H. E. Soper* obtained to 
a second approximation the mean and standard deviation 
of the distribution of the correlation coefficient 7 from 
samples of from a population of correlation g. He con- 
cludes that the mean value of the correlation coefficients 
obtained from small samples will be numerically less than 
the true correlation coefficient obtained from the aggregate 
and will be approximately represented by the formula 


e( Qn |’ 


where » is the number in the sample. 

In a paper published in 1915, R. A. Fisher? dealt with the 
frequency distribution of the correlation coefficient derived 
from samples of m pairs each taken at random from an 
infinite population distributed in accord with the normal 
correlation surface 
1 1 , (y—m2? 
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where @ is the correlation coefficient. The frequency 
function obtained for the distribution of r is given by 
n—1 


a(n—3)! 


are |Vi—e | 

The derivation of this form of f,(7) would probably be 
found of special interest to those who are seeking applications 
of certain general conceptions derived from the geometry of 
n-dimensional space. The ordinates y, cannot be readily 
calculated from (2) except for small values of m. Moreover 
(2) offers no rapid means of calculating the mean value r, the 
modal value of 7, or the standard deviation o, to replace the 
approximations obtained by Soper. In order to investigate 


* BIOMETRIKA, vol. 9 (1913), p. 91. 
7 Biometrika, vol. 10 (1915), p. 507. 
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the approach of (2) to a normal curve as » increases, it seems 
necessary to provide methods for computing the ordinates y, 
and moment coefficients for (2). This is accomplished in a 
joint memoir* by H. E. Soper, A. W. Young, B. M. Cave, 
A. Lee, and Karl Pearson. This memoir involves a tremendous 
amount of laborious numerical computation as well as the 
results of considerable theoretical work in adapting the 
function yn = fn (r) and its moment coefficients to numerical 
calculation. The theoretical part consisted largely in ob- 
taining series which converge with sufficient rapidity to be 
used in the numerical calculations. The tabulated values 
show the ordinates y, at intervals of .05 for 7 from —1 to 
+1, at intervals of .1 for @ from 0 to .9, and for n = 3, 4, 
5,..., 25, 50, 100 and 400, making in all 260 frequency 
distributions. The values of 8, and 8, were computed for 
these distributions to study the approach to the normal curve. 

With respect to the approach of these distributions to the 
Gaussian form with increasing values of », it is found that 
the necessary conditions 8, = 0, 8, = 3 for a Gaussian 
distribution are not well fulfilled for samples of 25 or even 50 
whatever the value of e. For samples of 100, the approach 
to the conditions 8, — 0, 8, = 3 is fair for low values of 9, 
but for large values of e, say o>.5, there is considerable 
deviation of 4, from 0, and of 4, from 3. For samples of 400, 
on the whole, the approach to the necessary conditions 8, —0, 
4, = 3 is close, but there is quite a sensible deviation from 
normality when e>.8. These results give us a striking 
warning of the dangers of applying the ordinary formula for 
the probable error of ry when we have small samples. 

In conclusion, it should not be forgotten that the assumption 
is made, in this theory of the distribution of r from small 
samples, that we have drawn samples from an infinite popu- 
lation well described by a normal correlation surface, so 
that the conclusions are not in the strictest sense applicable 
to distributions not normally distributed. 


* BIoMETRIKA, vol. 11 (1915-17), p. 328. 
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16. The Tchebychef Theorem and its Recent Generalizations. 
As the concluding topic of this paper, let us consider the 
recent extensions of the following remarkable theorem of 
Tchebychef which appeared* in the LIOUVILLE JOURNAL 
in 1867: 

THEOREM. If a, b,c,---+ represent the mathematical ex- 
pectations of quantities x, y, Z,--- and bi, the 
mathematical expectations of their squares x*, y*, z*, --- the 
probability that the sum x+y+z-+--- is between 


and 


will always be greater than 1—1/2?, whatever the value of 4. 

Tchebychef proved this theorem by simple algebraic 
methods. One great merit of the theorem lies in its freedom 
from restrictions with respect to the nature of the distribu- 
tion of the variables. 

To state the theorem in another form, let us assume the 
frequency distribution of an infinite population with standard 
deviation o. If P(Ac) is the probability that a datum drawn 
at random from this distribution will differ in absolute 
value from the mean of the whole distribution by as much 
as do, then 
(3) P(e) D1 — 

In 1919, Karl Pearson? published an important general- 
ization of the theorem subject to the mathematical condition 
that the frequency function F(x) is such that the. integral 


(x—2)* F(a) da 


exists, where a and b are the lower and upper bounds of 
the distribution. He found 


1 
72" 


* Des valeurs moyennes, translated from the Russian by N. M. de 
Khanikof, JourNAL DE MATHEMATIQUES, (2), vol. 12, pp. 177-84. 
Biometrika, vol. 12 (1919), pp. 284-96. 
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1 Bos—9 
1— Pe) > 1— = 
or 
(4) Pita) < 


where #25 is the 2sth moment coefficient about the arith- 
metic mean of the area under F(z). If we make s—1, 
we have the special case of the Tchebychef theorem. In 
his proof, Pearson deals with moments #», where n is even. 
Seimatsu Narumi* has pointed out that it is sufficient to 
assume n a positive constant provided the integral 


So a” { F(x) + F(—2)} dx 
exists. 

It is Pearson’s view that, although his inequality is in 
most cases a closer inequality than (3), it is usually not 
close enough to be of practical assistance in drawing 
conclusions. Hence, it becomes important to obtain closer 
inequalities by decreasing the right hand side of (4). This 
was accomplished in papers published almost simultaneously 
by Birger Meidelt and B. H. Camp? by placing certain 
restrictions on the nature of the distribution function F(z). 
But the restrictions are so devised as to leave the distri- 
bution function sufficiently free to be useful in the actual 
problems of statistics. The main restriction placed on F/+) 
by Camp is that it is to be a monotonic decreasing function 
of |a when x > co, = 0. The severity of this restriction 
on F(x) varies according to the value of c. Its general 
effect is to exclude distributions which are not represented 
by decreasing functions of |x| at points a certain assigned 
distance from the origin. 

With the origin so chosen that zero is at the mean, 
Camp reaches the generalized inequality 


* BIOMETRIKA, vol. 15 (1923), p. 246. 
7 Comptes Renpvus, vol. 175 (1922), p. 806; cf. SKANDINAVISK 
ACTUARIETIDSKRIFT, 1922, p. 210-16. 
¢ This BuLLETIN, vol. 28 (1922), p. 427. 
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where 

2s+1 


—1) 


With c = 0, the formula (5) is exactly Pearson’s divided 
by [1+1/(2s)]*. With the origin chosen at the mode instead 
of the mean, and with moments defined with respect to 
the origin, Meidel* shows that 


1 

n 
for any positive value of n>1. The general effect of the 
work of Camp and Meidel has been to decrease the larger 
number of the Tchebychef inequality by roughly fifty 
per cent. Even with the generalizations, the theorem of 
Tchebychef does not set such close limits on probabilities 
as the Gaussian law, but we should have regard for the 
fact that this theorem in its original form applies to any 
type of distribution, and in its generalized form to very 
general types of distribution. 

In conclusion, it may be added that Markhofft and 
Tschuprowit have in recent years given extensions of the 
work of Tchebychef on mathematical expectation and 
limiting values of probabilities along very different lines 
from those on which I have reported. 


(6) < 
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* Loe. cit., p. 214. 

7 A. A. Markhoff, Wahrscheinlichkeitsrechnung, 1912, p. 67. 

t+ A. A. Tschuprow, Zur Theorie der Stabilitat statistischer Reihen, 
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EISENHART’S TRANSFORMATIONS 
OF SURFACES 


Transformations of Surfaces. By Luther Pfahler Eisenhart. Published 
with the cooperation of the National Research Council by The 
Princeton University Press, 1923. IX + 379 pp. 

The results of a round five score of researches in three-dimensional 
differential geometry, generalized to a great extent to n-space and 
developed largely anew to form a unified theory governed by a central 
idea,—this is the offering before us. The researches, with few exceptions, 
are the product of investigations of the last quarter of a century carried 
on primarily by Bianchi, Darboux, Demoulin, Eisenhart, Guichard, Jonas, 
Koenigs, Ribaucour, and Tzitzeica. They deal, some directly and some 
rather indirectly, with transformations of surfaces of a given kind into 
surfaces of the same kind. 

Of these transformations there are two general types, transformations 
F, the nature of which we shall describe later, and transformations in 
which the two surfaces are the focal surfaces of a W congruence. Both 
transformations appeared first in special forms, the latter in the parti- 
cular case of pseudospherical surfaces developed by Bianchi (1879) and 
Backlund (1883), the transformations F in special cases discussed by 
Koenigs (1891), Darboux (1899). and subsequent writers. In fact, it 
was not until quite recently that the general transformation F' was 
systematically studied, by Jonas, in 1915, and by Eisenhart, in 1917. 
It is this theory of F, or fundamental, transformations which forms 
the central and unifying theme of the book. 

The scope of the book is broader than the title might first suggest. 
The material handled is not merely abundant — besides the text there 
are at the end of each of the ten chapters an average of twenty- 
five problems serving to a large extent to summarize the results of 
research,—but it is also highly diversified. More than a third of the 
book is devoted to congruences of spheres and of circles, rolling surfaces, 
and surfaces applicable to a quadric, subjects which one would not at 
first thought relate to the theory of transformations. To unify such a 
diversity of material in a natural and effective fashion is not simple, 
and the author is to be congratulated on the masterly way in which 
he has succeeded. Thereby he has not only given us in many cases 
new methods of arriving at known results, but has brought home to 
us in striking fashion the breadth and power of the central theory of 
F transformations. 

The present book is a sequel to the author's Differential Geometry 
in the sense that it refers freely to the elementary treatise for facts 
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and formulas. It is written, too, in much the same style. The devel- 
opment is concise and lucid, and the material in the separate chapters 
is well ordered. The references to the literature leave nothing to be 
desired, as soon as one comprehends that the many articles referred to 
by title only are to be attributed to the author himself. 

J. L. Coolidge quotes Darboux as once having told him that in his 
opinion the essence of geometry consisted in finding in each individual 
problem the best method for its solution. He might well have added 
that this is a sine qua non in many a problem in differential geometry. 
For in this field, as much as, if not more than, in any other, a happy choice 
of method is essential. All the more then is Eisenhart, and those on whose 
researches he has drawn, to be complimented on the relative simplicity of 
the analytic formulation of problems. In proceeding now to more detailed 
discussions we hope to be able, in a few instances at least, to exhibit this 
analytic simplicity, as well as the elegance of the geometrical results. 

When two surfaces in 3-space are in one-to-one point correspondence, 
there exists in general on each surface a (conjugate) net which corres- 
ponds to a (conjugate) net on the other surface. It is by means of 
these nets and the congruence of lines joining corresponding points on 
the two surfaces that the transformation is studied. A net is charac- 
terized by its point equation, written in the form 


070 00 =, Ologb 06 
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Congruences of lines are restricted to those having two distinct families 
of developables. A congruence G and a net N are said to be con- 
jugate if the curves of N lie on the developables of G, provided that 
N is not a focal net of G. 

If N and N, are two nets in correspondence so that the lines joining 
corresponding points form a congruence G whose developables contain 
the nets, three possibilities arise. If N and N, are the focal nets of 
G, they are Laplace transforms of one another. If N is a focal net 
of G and N, is not, N; is called a Levy transform of N. 

In the general case, when neither N nor N, is a focal net of G, 
G is conjugate to both N and N;. This is the fundamental trans- 
formation, or transformation F. 

To obtain a transformation F of a net N, we have but to choose 
first a congruence G conjugate to N and then a net N, conjugate to 
G; G is determined by a net N’ parallel to N in that its direction 
parameters can be taken equal to the point coordinates of N’; then 
each net N, conjugate to G, and hence in relation F to N, is determined 
by a solution 6 of the point equation (1) of N. The point coordinates 
of N; have the simple form 2; = x— (0/60')x’, where 6’ is a solution, 
determined by 9, of the point equation of N’. Thus an F transform 
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N, of N involves two independent elements, a congruence G conjugate 
to N and a solution @ of (1). 

Two nets N, and N., which are F transforms of the same net N 
by G., 6, and G., 6. respectively, are obviously F' transforms of one 
another if G, and G. are the same congruence. If G, and G, are 
distinct, N, and Nz will be in relation F if and only if 0; = 62, and 
then any two of the three nets, N, Ni, Ne, will be F transforms of 
the third by the same solution of the point equation of the third. 
The general case, in which G,; and G, are distinct and 0,+ 42, gives 
rise to the first and most important of the so-called theorems of per- 
mutability with which the book is studded. According to this theorem, 
if N, and N. are F transforms of N, as described, there exists a net 
Ni2 which is an F transform of both N, and Ne. Corresponding points 
of the four nets lie in a plane p which envelopes a net and corres- 
ponding tangent planes meet in a point P which generates a net. 

One more important relationship is needed to complete the account 
of the general theory. A net N and a congruence G are said to be 
harmonic if the curves of N correspond to the developables of G and 
the focal points on a line of G lie on the tangents to the corresponding 
curves of N. This relationship is closely connected with both the trans- 
formations of Levy and the transformations F. In particular, it is 
found that, if two nets are in relation F, they are harmonic to the 
same congruence, i. e. their corresponding tangent planes meet in lines 
generating a congruence harmonic to both; this congruence is known 
as the harmonic congruence of the transformation F. 

If the two non-parallel congruences G, and G2 are harmonic to a 
net N, the locus of the point of intersection of corresponding lines of 
G, and G. describes a net, conjugate to G, and G. and known as a 
derived net of N. Conversely, if G, and G. are conjugate to a net 
N, the planes determined by corresponding lines of G; and G. envelope 
a net, harmonic to G, and G, and known as a derivant net of N. The 
net generated by the point P above mentioned is a derived net, and 
that enveloped by the plane p a derivant net, of each of the four nets 
entering into the theorem of permutability. 

The general theory that we have outlined admits immediate extension 
to m-space, and it is in this form that it appears, in the first two 
chapters of the book. Chapter III deals with Laplace sequences in 
n-space; the analytic conditions that a sequence be periodic are 
established and hence it is shown that a periodic sequence of order p 
lies in a space of p—1 dimensions. In this and the two subsequent 
chapters homogeneous point and tangential coordinates are introduced 
and applied to suit the needs of the material. The developments of 
the latter chapters, IV and V, are for 3-space and have primarily to 
do with transformations of special type. 
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Of particular transformations F' we mention two which are essentially 
duals of one another, namely transformations K and transformations 2. 
A transformation K (Koenigs) is characterized by the property that 
a pair of corresponding points of the two nets separate harmonically 
the corresponding focal points of the conjugate congruence. In the 
case of a transformation 2 (Eisenhart), a pair of corresponding tangent 
planes to the two nets separate harmonically the corresponding focal 
planes of the harmonic congruence. In the first case the nets have 
equal point invariants and in the second, equal plane invariants. 

An interesting correspondence is developed between transformations 
2 of a net N into a net N, and transformations of Bianchi in which 
a surface 2 and its transform 2; are the focal surfaces of a W con- 
gruence. The correspondence is characterized by the property that 
= and 2, have the same spherical representations of their asymptotic 
lines as the curves of N and N, respectively. By means of it the 
theorem of permutability for transformations 2 is readily translated 
into a theorem of permutability for the transformations of Bianchi. 

As further subjects treated in Chapters IV and V we should like 
to mention the transformations 2 of permanent nets (nets admitting 
an infinity of applicable nets), the theory of R nets (Demoulin and 
Tzitzeica), and that of ray congruences and ray curves (Wilczynski). 

The interesting and important question of transformations of orthogo- 
nal nets (O nets) is considered exhaustively, first in n-space in Chapter VI 
and then in 3-space in Chapter VII To discuss transformations 
F of O nets, it is necessary to know both the nature of the con- 
gruences conjugate to O nets and the nature of the nets conjugate 
to these congruences. It is shown (Guichard) that the latter nets are 
either O nets in the same space as the given one or projections in 
this space of O nets in higher spaces, and that the conjugate con- 
gruences are related to congruences of isotropic lines in a corres- 
pondingly simple manner. To Guichard is also due the introduction of 
the powerful analytical tool which renders this difficult subject tractable, 
namely, a suitably chosen moving polyhedral attached to the given O net. 

Of the transformations F' of O nets into O nets the most important 
are the transformations R, named for Ribaucour. These transformations 
have two fundamental aspects, which we shall describe for 3-space. 
In the first place, two O nets in relation R consist of the principal 
curves on the two sheets of the envelope of a congruence of spheres; 
the centers of the spheres form a net, called the central net, which 
is an F' transform of each of the O nets and is itself the projection 
of an O net in 4-space. Again, the O nets of a one-parameter family 
consisting of a given O net, N, and its co' R transforms N, by the 
same @ possess a common harmonic congruence and admit an orthogo- 
nal congruence of circles (a cyclic system) whose axes are the lines 
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of this congruence; a point of N and the corresponding points of the 
nets N; all lie on one of the circles. 

There are two important subclasses of transformations R, the trans- 
formations D (Darboux and Bianchi) and the transformations Em (Eisen- 
hart and Bianchi). The first are the transformations R of isothermic O 
nets into isothermic O nets and are of type K; the second are the 
transformations R of O nets with isothermal spherical representation 
into O nets of the same kind and are of type 2. In both cases the 
subscript m refers to a parameter in the transformation. 

Chapter VIII deals with congruences of spheres and congruences 
of circles (in 3-space). A striking feature of this chapter is a corres- 
pondence established between congruences of spheres in 3-space and 
congruences of lines in 5-space, whereby the principal curves on the 
envelope of the spheres correspond to the developables of the con- 
gruence of lines and the pentaspherical coordinates of the spheres are 
the direction parameters of the lines. A congruence of circles of 
restricted type appears as consisting of the circles of intersection of 
the corresponding spheres of the two congruences which correspond 
to the congruences of tangent lines to a net in 5-space. In fact, this 
is the author's definition and from it he readily develops the charac- 
teristic property that a circle of the congruence is intersected by each 
of two infinitely near circles in two points. According to this definition, 
a congruence of circles and a net in 5-space correspond. Hence re- 
lationships between congruences of spheres and circles can be inter- 
preted in 5-space as relationships between rectilinear congruences and 
nets, and vice versa. It was doubtless with this in mind that the 
author approached the relationships between congruences of spheres 
and circles previously developed by Guichard and justified the characteri- 
zation of these as harmonic, conjugate, and orthogonal, on the basis 
that they correspond to like-named relationships in 5-space. Similarly, 
the transformations F of congruences of circles which are developed 
correspond to the transformations F of nets in 5-space. In particular, 
since to a cyclic system of circles corresponds an O net, the problem 
of ¥F transformations of cyclic systems is equivalent to that of F’ trans- 
formations of O nets. 

If S and S are two surfaces applicable to one another, and if S is 
held fast while S assumes all the (90?) positions in each of which a 
point of it is made to coincide with the corresponding point of S so 
that the corresponding directions at the two points also coincide, S is 
said to roll on S. In Chapter IX the author develops the theory of 
rolling surfaces, in the general case in which there are actually corres- 
ponding nets on S and S, by applying the general theory of trans- 
formations F to nets admitting applicable nets. He thus obtains the 
theorems of Darboux and Guichard relative to elements invariably fixed 
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to S, as S rolls on S. As an example of the beautiful results deducible 
in this manner, we quote one theorem: When S rolls on S, the isotropic 
lines through a point invariably fixed to S meet the plane of contact 
of S with S in a circle which generates a cyclic system and whose 
points generate the O nets orthogonal to this system. The latter part 
of the chapter is devoted to the theory, due primarily to Bianchi, of 
transformations R deformable in the sense that their central nets admit 
applicable nets which can serve as central nets of new transformations R; 
in particular, deformable transformations Dn and En» are discussed. 

The problem of the deformation of a quadric, considered in Chapter X, 
is approached through the study of permanent nets on the quadric and 
the corresponding permanent nets on the deforms of the quadric. Two 
transformations of these nets are then investigated, a transformation F;, 
of Guichard and Eisenhart, and a transformation Bx of Bianchi. The 
first of these is simply a transformation F of a permanent net on 
a quadric, Y, into a second permanent net on Q, or a resulting trans- 
formation F' of a net applicable to @ into a similar net; for each value 
of the constant k there exist co? transformations F; of a net N appli- 
cable to @ into oo? nets Ni applicable to Q, and for each of certain 
special values of k the nets Ni can be arranged in one-parameter 
families possessing elegant properties. 

Two nets in relation By, are the focal nets of a W congruence; in 
other words, a transformation B; is not of type F, but of the second 
type discussed at the beginning of the review. Moreover, as originally 
developed by Bianchi, the transformations B; have apparently no connec- 
tion with transformations Fy. Our author may, then, take justifiable 
pride in bringing the two into coordination. To this end, he introduces 
a new definition of a transformation By. Thereby, a By transform of a 
net N applicable to a net N on Q appears as the derived net, N, of N 
by two suitably chosen solutions, #: and 62, of the point equation of N; 
N is, of course, applicable to @, and the net on @ of which it is the 
deform is related in a simple manner to the derived net of N by 6; and 62, 
a net lying on a quadric confocal to Q. The connecting link between the 
transformations Bx, thus defined, and the transformations F; consists in 
the fact that each of the functions, 6,, 62 defines also an F; transform 
of N. This connection is not merely of interest in itself, but serves also to 
establish a theorem of permutability of transformations of the two types. 

The major elements of the book are beyond criticism. The author 
has, however, a tendency on occasion to scorn minor conditions and 
subsidiary cases. For example, the definition of a net is so formulated 
that it includes systems of curves not generally regarded as nets, namely 
systems on a developable surface one of whose families consists of the 
asymptotic lines; the author doubtless intended to exclude systems of 
this type, but nowhere is there a statement to this effect. 
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In the definition of a net p,O (the projection in n-space of an O 
net in (n+ p—1)-space), it appears essential that the p-- 1 com- 
plementary functions should be themselves linearly independent as well 
as linearly independent of the point coordinates of the net. Even then, 
there would exist nets, each of which belonged, under the definition, 
to every one of the categories p,O, p=2; the net of generators of a 
paraboloid, considered as a surface of translation, is of this type. It 
is of course possible to leave the definition so that a particular net 
admits various characterizations p, O, but this is not in keeping with 
the spirit of the subsequent investigations, in which always the minimum 
value of p is sought. Similar remarks hold for the congruences p, I. 

On page 10 we find the theorem: If two non-planar nets correspond 
and the tangents to the parametric curves in one family are parallel, 
the nets are parallel. This theorem is true only in general and the 
exceptions to it are of some importance. For example, in the map of 
the two translation surfaces, x = U(u) + V(v), z= U(u) + Vw), the 
generators correspond and corresponding tangents to the generators 
v = const. are parallel; the map, however, is not in general a parallel 
map. The slip in the proof comes from overlooking the fact that a 
certain equation may be illusory. Fortunately, the theorem does not 
figure in subsequent developments. 

On page 24 it is stated that two solutions of the equation (1) are 
functionally dependent if and only if one is a linear function of the 
other with constant coefficients; this is obviously untrue in case either 
of the coefficients on the right hand side of (1) is zero. On page 198 
the possibility of the vanishing of one or the other of two functions 
(q and r) is not considered, so that the results there obtained appear 
to be true only in general. 

The Hamburg press, from which the work comes, has done a credit- 
able piece of book manufacturing, except for the bright (now dirty) 
yellow of the binding. The proof reading of the text itself might have 
been done more thoroughly, but there are next to no errors in the 
formulas, so far as the reviewer has been able to ascertain by checking 
a reasonable selection from the thousand and more which the book 
contains. 

As the first of what it is to be hoped will be many mathematical 
books published with the cooperation of the National Research Council, 
this work sets a worthy standard. The need of unified presentations 
of the results of research in special fields is becoming more and more 
pressing and one who has so successfully met this need in his own 
field as the present author may look back happily on his labors with 
the comforting realization that he has contributed greatly to his science. 


W. C. GRAUSTEIN 
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Comptes Rendus du Congrés international des Mathématiciens (Strasbourg, 
1920). Publiés par Henri Villat. Toulouse, Edouard Privat, 1921. 
xlvii + 670 pp. 

The Strasbourg Congress is particularly interesting as the first congress 
after the War, and its proceedings indicate the results of researches 
made during the War as well as forecast those to be made later. If 
the reader will glance at the list of topics in the volume, he will notice 
that many of those topics have continued to develop since the time of 
the Congress, and that some of them (for instance that of general complex 
numbers) have since then reached a certain definitive stage. 

The mathematical part of the volume before us consists of five general 
lectures, by Messrs. Larmor, Dickson, de la Vallée-Poussin, Volterra, 
and Nérlund, and of 68 other papers and résumés of papers. Among 
the latter, 32 are in arithmetic, algebra and analysis, 10 are in mathe- 
matical physics and applied mathematics, and 9 are on questions philo- 
sophical, historical, and pedagogical. An adequate review of the volume 
would necessitate an analysis of each of these general lectures and 
papers; because of lack of space we give merely abstracts of the general 
lectures. 


Larmor: Questions in physical interdetermination. 


Sir Joseph Larmor’s lecture is a masterly critical discussion of modern 
theories of spacetime, with particular reference to the two questions 
of physical interdetermination and of the postulation of a Hamiltonian 
principle of extremal variation of action. 

There is complete statical interdetermination in a freely jointed frame 
of rigid bars without redundant members. Another instance of complete 
statical interdetermination is given by the newtonian potential, which 
is determined throughout free space or so long as no attracting matter 
is traversed, by its values in any region. This latter interdetermination 
holds for any isotropic uniform elastic medium, whether material solid 
or ether. Complete static interdetermination can take place only in 
real spaces; freedom demands that at least one dimension shall be 
imaginary. Radiation is the principal, if not the sole method of pro- 
duction of change of physical systems out of direct contact. If radiation 
it to take place in waves and if the medium is isotropic, time restricted 
to a single dimension, it can be shown that space must have three 
dimensions. The variation of the total intrinsic action of a physical 
system is postulated to be extremal. The space is thus considered to 
exist apart from the physical processes that take place in it. In special 
relativity, then, a space is characterized by its potentials. The moving 
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sources or masses are attached to a framework, whose displacement 
presents an extremal variation of the action. The tensor thus introduced 
gives, by integration over a barrier surface, the mechanical effects on 
each source or mass. The action involves deformation of the space 
itself rather than disturbance of the medium, as in the ether theory. 
The principle of a space distribution of an action function, whose integral 
is postulated to be of extremal variation (centers of activity being cut 
out by barrier surfaces), is the only known system assigned by local 
characteristics which permits the deduction of relations between distant 
parts of the medium. This system is at variance with the Einstein prediction 
of displacement of the lines of the spectrum. The system also leads to'a 
complete self-consistent theory before all atoms of the same substance are 
identified. A test of the validity of the theory is thus the existence of 
identical atoms, whose existence can be detected by radiation to a distance. 


Dickson: Some relations between the theory of numbers and other 
branches of mathematics. 


The methods of one branch of mathematics are a frequent aid in 
the development of another branch. Such theories as are developed 
by the use of methods and by analogy with the results of a different 
field are then of particular interest. As an illustration, Dickson 
shows how geometric methods may be used to find the rational 
solutions of certain Diophantine equations. Dickson then presents a 
new method, involving algebraic numbers and integral quaternions, for 
finding formulas for the integral solutions of Diophantine equations 
while the parameters take only integral values. The remainder of the 
lecture is devoted to an illustration of the nature of modular invariants, 
as developed by Dickson and his pupils, and to the extension of an 
application by Mordell of the theory of algebraic invariants. 


De la Vallée-Poussin: Sur ies fonctions a variation bornée. 


Modern work in real variables may be divided roughly into two classes, 
the first the theory of linear partial differential equations and the second 
the theory developed in the present century by Baire, Borel, Lebesgue, 
and their followers. The theories are intimately connected in various 
ways; for example, by the theory of the development of arbitrary 
functions in terms of solutions of ordinary differential equations. The 
purpose of the entire lecture is to point out the central position occupied 
by functions of bounded variation in this second class of topics on real 
variables. Thus every indefinite intégral in the sense of Lebesgue is a 
function of bounded variation. If an integrable function f(a) is defined 
in an interval a<a2<b, the function 


F(E) = f(a) der 
E 
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is an example of a fonction d’ensemble, where E is any measurable 
point. set (ensemble) contained in the interval; the function F(Z) has 
also the additive property, namely that 


F(E,) + F(#.)+---+ F(E,) +--+: = F(2), 


if E is the sum of the non-overlapping sets E,, E.,..., E.,... The 
fonctions densemble are of the highest importance in the study of 
measure and of integration. It can be shown that every additive fonction 
d’ensemble is also a point function of bounded variation and conversely.* 
It seems probable that in future developments functions of bounded 
variation are destined to play a central role, not merely as a class of 
functions to be developed in terms of given sets of functions, but also 
in connection with the theory of the differentiation of functionals. 


Volterra: Sur l’enseignement de la physique mathématique. 


Senator Volterra, as one who has not only spent a lifetime in teaching 
mathematical physics but has made many diverse and fundamental contri- 
butions to the field, is eminently fitted to discuss methods of presentation 
of the general subject. Volterra commences his lecture by outlining the 
history of his subject. The analytical physics to be considered is not 
that developed in the heroic age, up to the time of Lagrange, nor is it 
the most recent age which has just begun, of the great modern work 
in relativity and the constitution of matter. The theory of the most 
importance at present and yet that has reached a certain degree of 
finality in its methods and results is that due to Lagrange, Laplace, 
Green, Fourier, Cauchy, Maxwell, Riemann, in short, the -applications 
to physics of partial differential equations. The model of exposition 
of a physical theory is Lagrange’s masterpiece, where the writer com- 
mences with a historical introduction, arrives at a mathematical for- 
mulation of his problems, and finally proceeds with the solution of the 
purely mathematical problems. This plan is followed directly by Volterra. 
The unification of the theory of anaytical physics is to be secured by 
means of partial differential equations, and that this can be done is 
made clear by the first part of the course which Volterra suggests, the 
derivation of the partial differential equations and the formulation of 
the precise mathematical problems involved. The second part of the 
course naturally consists in the classification of differential equations 
according to their characteristics, and the solution of the boundary 
value problems which arise. These problems my be solved by the method 
of Green (fundamental solutions), that of characteristics, or that of 


* In this connection and elsewhere de la Vallée-Poussin refers to his 
memoir of 1915 in the AMERICAN JOURNAL, a reference which should 
read to the 1915 volume of the TRANSACTIONS OF THIS SOCIETY. 
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simple solutions as in Fourier’s series. The third and last part of the 
course is the treatment of many problems which could not be solved 
or could be only partially solved by the former methods, and of some 
additional problems. These problems are unified by the notion of functions 
of lines, and lead us to integral equations, integro-differential equations, 
equations in functional derivatives, ete. The course thus outlined by 
Volterra has the advantage of unifying and systematizing analytical 
physics, and also of economy and of separating distinctly the physical 
notions and the mathematical processes. Every reader will hope that 
Volterra will be able actually to prepare and publish the course he 
suggests, not only a work of science but also a work of art. 


Noérlund: Sur les équations aux différences finies. 


This lecture is an exposition of some of the author's striking results 
on difference equations. In the equation 


(1) F(x +1) — F(2) = ¢(a), 


g(x) is a given function of the complex variable x, where F(x) is to 
be determined. Equation (1) has been studied by various writers, in- 
cluding Euler, Plana, Abel, and Cauchy. Guichard showed that, if 
g(x) is an entire function, then (1) always has as a solution an entire 
function which can be expressed as a definite integral. Appell likewise 
proved this result, obtaining the solution as an infinite series. The 
solution of (1) is not uniquely defined, even when restricted to be an 
entire function. For to a solution may be added any function of period 
unity, and the sum will be an entire function, a solution of (1). Nérlund 
introduces the notion of principal solution, and studies its properties 
by means of divergent series. 

The form and typography of the volume are excellent throughout, 
for the volume is uniform with and by the same publishers as the 
ANNALES DE LA FALCULTE DES SCIENCES DE TOULOUSE. 


J. L. WALSH 
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An Introduction to the Theory of Statistics. By G. Udney Yule. 
6th Edition. London, C. Griffin, 1922. xv -+ 415 pp. 


A noteworthy development of recent years has been an increasing 
use in various fields—economics, education, public health work, bio- 
metry, etc.—of a varied assortment of methods which are called sta- 
tistical. Those general habits of statisticians which have a merely 
empirical foundation are not of interest to mathematicians; but certain 
principles and methods have been brought within the sphere of mathe- 
matics by theoretical development and discussion. The book under 
review was originally prepared (published, 1910) to meet the demand 
of those who possess only a limited knowledge of mathematics for a 
systematic elementary exposition of such statistical methods, especially 
of those developed by Galton, Pearson, Yule, and their collaborators. 
It has proved so serviceable in carrying out this purpose that five 
editions after the first have been called for, and the book has won 
general recognition as in a sense the book on statistical method, ex- 
cluding the technique of gathering data and of graphic presentation. 

The general experience of statisticians with earlier editions has been 
that it has been very difficult for a beginner to get the point of view 
and that even a person with considerable practical statistical experience 
found it necessary to read with great care, in order to get at the 
meaning of the unfamiliar terms and forbidding notation. One difficulty 
appears to be that the significauce of the general principle back of a 
method or formula is not discussed from the standpoint of the uninitiated. 
The chapter on dispersion, for instance, begins: “The simplest measure 
of the dispersion of a series is the actual range” without discussing 
why any measure of dispersion is desirable or useful. But those who 
are willing to read and reflect, to come back again and again to the 
book as their statistical knowledge increases, have found it a veritable 
gold mine of careful and useful statistical thought. 

The book, aside from introduction and appendices, is divided into 
three parts, the theory of attributes (68 pages), the theory of variables 
(179 pages), and the theory of sampling (103 pages). The first part, 
which deals with the methods of determining consistence and association 
of characteristics of individuals which are discrete in nature, has not 
entered vitally into current statistical thought, and is of minor interest 
to mathematicians because it gives no opportunity for the use of con- 
tinuous variables. The second part discusses frequency distributions, 
averages, measures of dispersion, and correlation, both single and 
multiple. Yule’s careful and detailed treatment of these subjects has 
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been an important factor in the increasing use of more advanced sta- 
tistical methods in many fields. His exposition of multiple correlation 
especially has been the recognized source of information on this topic. 
In the opinion of the reviewer, however, the treatment of this topic 
could be made more comprehensible by a full discussion of three-vari- 
able correlation before the general case is considered. More attention 
should be paid also to the limitations of a method which assumes that 
the functional relationship of m variables is linear. The third part 
discusses simple sampling, the binomial distribution and the normal 
curve, the normal correlation surface, and the derivation of probable 
errors. This part of the work is most hampered by the attempt to 
keep the difficulties within range of those with limited mathematical 
equipment. 

The most noticeable omissions of the book as a whole are a full 
treatment of index numbers and the equations of skew frequency curves. 
The former topic has often been considered as important almost entirely 
for the economist, and the latter could hardly be discussed without 
more mathematics than the author assumes. 

For the sixth edition, and for the fifth, published in 1919, no extensive 
revision of the text has been made. Aside from the corrections of 
minor errors, the changes consist of the addition of supplements and 
additional references. The supplements deal with I: Direct deduction 
of the formulae for regressions (by means of calculus rather than the 

method, as in the text). II: The Poisson law of small chances, 
and III: Goodness of fit, with discussion and tables for the Pearsonian 
function 7 used in testing goodness of fit of a theoretical to an actual 
distribution. These supplements appeal especially to the mathematical 
statistician, and the third one, which covers twenty pages, is of special 
value as a summary of several highly technical articles. The additional 
references strengthen the book in what was already one of its strongest 
points, as the lists of references are very full and well classified, and 
brief comments often indicate the general nature of the article. 

In the opinion of the reviewer, mathematicians who desire to secure 
familiarity with the notions of statistics should surely include this 
book in their reading. It is true that many of the discussions could 
be much abbreviated by the use of higher mathematics, and that some 
points have to be passed over completely, but Mr. Yule has given a 
semi-mathematical version of the argument at many points where some 
other textbooks merely say “the formula is” so and so or “it may be 
shown that ...”. Until we have a series of statistical textbooks which 
cover statistical method from all the possible different points of view, 
Yule will continue to be an essential part of every statistician’s library. 


R. W. BurGEss 
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Théorie des Nombres. By M. Kraitchik. Paris, Gauthier-Villars et Cie. 
1922. ix + 229 pp. 


This book is underwritten by a brief preface by M. d’'Ocagne in which 
a few historical statements are made to give the book its setting. There 
are six chapters followed by sixty pages of tables. The entire book is 
built around primes and probably might properly be called theory of 
rational primes. Possibly algebraic numbers in general, quadratic and 
other realms, ideals, and other topics which might be expected in a 
Théorie des Nombres are to be taken up in a later volume to which 
allusion is made (pp. ix, 97, 107, etc.). 

Chapter I is a general introduction presenting the classical theory 
of the rational prime including the indicateur. In Chapter IL on the 
linear congruence the author takes up the solving of a system of such 
congruences in one unknown by a method which is a sort of extension 
of Eratosthenes, sieve. He then (pp. 43, 44) explains how a calculating 
machine could be made which would solve such problems mechanically. 
This and graphical methods employed or suggested by the author (pp. 95, 
159 where “‘troisiéme Chapitre” probably should be ‘““deuxiéme Chapitre”’) 
indicate his ingenuity. 

About a third of the theory in the book is taken up by Chapter IV 
on congruences of the second degree. This chapter is well done. The 
law of reciprocity for quadratic residues, Gauss’ “gem of the higher 
arithmetic”, is neatly put forth. Possibly for a book of this size some 
of the applications are a little extreme; as here, Lucas’ problem of 
finding the integers having the same final ten digits as their squares (p. 90). 

The Fermat-Euler and Wilson theorems are taken up in the theory 
contained in Chapter III on congruences of higher degrees. Indices are 
taken up in Chapter V, and application of a table of indices is made 
to the solving of binomial congruences of first and second degrees. 

Chapter VI is on factorization and discusses methods employing the 
forms x*+ Dy®. The use of moduli in factoring is also introduced. 

Six lists of tables are given of which the longer are: II, Linear 
Divisors of x?-+ Dy? for D<.200, IV, A Table of Residues, V, A Table 
of Indices, VI, Decomposition of 2*+1. In the book mention is made 
to unpublished tables by the author (pp. 119, 126, etc.). 

The reviewer has made no attempt to check the tables given; he 
has found very few typographical errors in the book. M. Kraitchik is 
fortunate in being both brief and lucid in his exposition. The following 
observations may, hewever, suggest limitations to the use of this Théorie 
des Nombres as a textbook: 1. There are numerous examples through- 
out the book but no exercises. 2. An appropriate number of mathe- 
maticians of this field are mentioned (cf. pp. 9, 22 and the index), but 
very few references are given. 

L. C. MATHEWSON 
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Higher Geometry: An Introduction to Advanced Methods in Analytic 

Geometry. By Frederick S. Woods. Boston, Ginn and Co., 1922. 

x + 423 pp. 

This book makes available in one volume material collected from 
many books and memoirs. The wide scope of the book can only be 
indicated by noting the topics treated. Its plan is to treat in succession 
geometries of one, two, three, and four or more dimensions, the later 
treatments serving, although at the expense of a little repetition, to 
go over the general method of treatment again and again. 

Part I introduces the ideas of coordinates, duality, imaginaries, in- 
finity, transformations, and groups in a total of seven pages, after which 
cartesian and projective coordinates of a one-dimensional form, linear 
transformations, crossratio, harmonic sets, projection, etc. follow rapidly. 

Part II, on two-dimensional geometry, introduces homogeneous carte- 
sian point coordinates, trilinear point coordinates, line coordinates, curves 
in point and line coérdinates, linear transformations including their 
classification by means of geometric properties, projective measurement 
with the resulting classification of geometries as hyperbolic, elliptic, 
or parabolic, contact transformations, tetracyclical coordinates, etc. 

Part III, on three-dimensional geometry, starts with circle geom- 
etry on a plane and continues later with the usual point and plane coor- 
dinates in three-space, with treatment of surfaces, geometric classification 
of collineations and pentaspherical coordinates. 

Part IV, on geometry of four and higher dimensions, starts with 
Pliicker’s coordinates for lines in ordinary spaces. Sphere coordinates 
are then treated in detail, with the dualistic relation between line-space 
and sphere-space. The ordinary four-dimensional point coordinates and 
a brief consideration of n-dimensional geometry conclude the book. 

While it is stated in the preface that the prerequisites are only the 
elementary courses in analytic geometry and calculus with a slight 
knowledge of determinants, the reviewer believes that, on account of 
the large number of new ideas involved, it would have to be diluted 
and supplemented, even for the ordinary class of seniors and beginning 
graduates. To understand it, some maturity and some familiarity with 
the abstract point of view would seem to be necessary. 

The book has no definite references to original sources, and no effort 
is made to connect up with the various books on foundations of mathe- 
matics. Also more explicit statements of hypotheses would be helpful to 
the immature reader who is in danger of making erroneous assumptions. 

In spite of the above criticisms, the book is the most stimulating 
work in geometry that the reviewer has read in years, and it forms a 
most important addition to the literature of the subject. 


F. W. Owens 


| 
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Les Méthodes Actuelles de la Balistique Extériéure. By Dufrenois, 
Risser, and Rousier, with a preface by P. Appell. Paris, Gauthier- 
Villars, 1921. vii + 237 pp. 

In striking contrast to the books on ballistics written by Vahlen and 
by Hoar, the book under review on present-day methods in exterior 
ballistics will be a joy to the ordnance engineer or the artillery officer 
who is interested not only in the theoretical aspects of firing large 
guns but in making a comparative study of the magnitudes of the 
quantities involved. The authors are content to confine themselves to 
the movement of the center of gravity of the projectile; the movement 
of the projectile about its center of gravity is regarded as such a special 
and advanced phase of ballistics that it does not belong properly in 
a manual on present-day methods. 

The following features of the book will be of special interest to 
American readers: (1) a very thorough mathematical treatment of the 
analytic form of the law of resistance, which has been based upon the 
work of Langevin; (2) the use of the fact, which is clearly established, 
that, after the projectile reaches the point on its trajectory where the 
radius of curvature is a minimum, the path of the projectile will lie 
between the velocity parabola and the osculating circle; (3) the pre- 
sence of numerical tables. 

Two methods of calculating trajectories by short arcs are described 
in detail; the method of Gavre, and the method of Rousier-Dufrenois. 
These methods are similar and may be called with propriety “short 
are” methods. In the same sense it would be better, in the reviewer's 
opinion, to call the method developed in this country during the World 
War the “short interval” method. The fictitious-velocity method, de- 
veloped by Sugot, is quite interesting; it consists in calculating the 
trajectory by a successive approximation of velocities. 

A table of comparison of the elements of a large number of tra- 
jectories, calculated by the Rousier-Dufrenois and by the Sugot methods, 
is given. It would be interesting to compare this table with results 
obtained from our ballistic tables when the same initial conditions are 
given. Probably this should not be done without the consent or the 
knowledge of the proper military authorities as such information is 
regarded as confidential. 

The methods employed in correcting for non-standard conditions 
are about as efficacious as any corrections of this kind can be; until 
guns and projectiles can be manufactured with greater uniformity such 
corrections do not deserve the emphasis that usually has been given 
to them. To anyone who is interested in ballistics the first five chapters 
of the book will prove to be especially worth-while reading. 


J. E. RowE 
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Substance and Function, and Einstein’s Theory of Relativity. By 
Ernst Cassirer (Translated by W.C. and M. C. Swabey). Chicago, 
Open Court, 1923. xii + 465 pp. 


Such mathematicians as have sympathy with the philosophy of Immanuel 
Kant will find in the first part of this volume a valuable discussion 
of the foundations of mathematics from their special point of view. 

Turning to the author's treatment of the philosophical aspects of 
the theory of relativity, we find (p. 430) the following remarkable 
statement: “Physics now proves not only the possibility, but the reality 
of non-Euclidean geometry; it shows that we can only understand and 
represent theoretically the relations which hold in ‘real’ space by re- 
producing them in the language of a four-dimensional non-euclidean 
manifold.” Since, however, any non-euclidean m-space may always 
be embedded in a Euclidean space of not more than 4m(m-+ 1) di- 
mensions, it follows that the question whether the physical world is 
euclidean is meaningless. 

Furthermore, if we admit discontinuous mappings, any continuum 
of m dimensions may always be mapped upon a continuum of » dimen- 
sions (m+n). Therefore the question “Is the physical world four- 
dimensional?” is quite meaningless. In the sentence quoted above we 
have a good example of the fallacy involved when a philosopher takes 
a science, such as physics, at a given stage of development and 
concludes that its methods constitute final evidence as to the alleged 
restraints which the structure of the mind of man imposes upon so 
much of the world as may be intelligible. 

Mathematicians create tools of considerable variety which the phy- 
sicist may use whenever they suit his purpose. If, for example, he 
were to find that the consideration of the world line of a particle as 
the integral curve in a euclidean ten-space of an ordinary homogeneous 
linear differential equation of the eleventh order yielded significant 
results, then he would be at liberty to use that method. Accordingly, 
many of those who do not accept Bertrand Russell’s exclusion of meta- 
physics and ontology from the domain of significant philosophy would 
doubt the existence of such metaphysical or ontological implications 
of the physicist’s choices between mathematical tools as are drawn 
by Cassirer. Those who do accept Russel’s restriction of philosophy 
to the field of logic wouid find Cassirer’s discussion of relativity of 


no interest. 
C. N. REYNOLDS, JR. 
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NOTES 


The opening number of volume 46 (1924) of the AMERICAN JouRNAL 
oF MaTHEMATICs contains the following papers: On the theory of 
numbers and generalized quaternions, by L. E. Dickson; A study of 
the rational involutorial transformations in space which leave a web 
of sextic surfaces invariant, by J.0. Osborn; On the reduction of 
differential parameters in terms of finite sets, with remarks concerning 
differential invariants of analytic transformations, by O. E. Glenn; 
On the isodyadic septimic equations, by J. C. Glashan. 

The concluding number of volume 24, series 2, of the ANNALS OF 
MATHEMATICS contains: An introduction to the theory of elliptic 
Sunctions, by G. Mittag-Leffler; Cyclotomic quinguisection for all primes 
of the form 10n-+1 between 1900 and 2100, by P. 0. Upadhyaya; 
Geodesic lines in Riemann space, by R. Henderson; A functional 
equation. from the theory of the Riemann € (s)-function, by A. Arwin; 
The geometry of paths and general relativity, by L. P. Eisenhart. 


The PUBLICATIONS OF THE UNIVERSITY OF JERUSALEM (SCRIPTA 
UNIVERSITATIS ATQUE BIBLIOTHECAE HIEROSOLYMITANARUM) will 
consist of four series, of which two, Mathematica et Physica, curavit 
A. Einstein, and Orientalia et Judaica, curavit Collegium Eruditorum, 
began publication in 1923. Articles will be printed in English, French, 
German or Italian, and will be accompanied by complete translations 
into Hebrew. Volume 1 (1923) of the mathematical-physical series 
contains papers by E. Landau, H. Bohr, G. Loria, J. Hadamard, A. Loewy, 
A. Fraenkel, A. Einstein and J. Grommer, L. 8. Ornstein, T. Levi-Civita, 
T. v. Karman, S. Brodetsky, J. Popper-Lynkeus. Martinus Nijhoff, the 
Hague, is the publisher. 

The Report of the National Committee on Mathematical Requirements 
has been reprinted, and may be obtained at the cost of the postage 
by addressing The Dartmouth Press, Hanover, N. H. 


The following university courses are announced: 

CotumsB1a UnNiversity.—By Professor T. S. Fiske: Theory of 
functions.— By Professor F. N. Cole: Algebra.—By Professor D. E. Smith: 
History of mathematics; Practicum in the history of mathematics; Se- 
minar in the history of mathematics.—By Professor C. J. Keyser: Intro- 
duction to mathematical philosophy; Logical foundations of mathe- 
matics.—By Professor Edward Kasner: Seminar in differential geo- 
metry.—By Professor W. B. Fite: Differential equations.—By Professor 
J. F. Ritt: Theory of numbers.—By Professor G. A. Pfeiffer: The theory 
of sets of points.—By Dr. J. Douglas: Differential geometry. 


CorNELL University.—By Professor J. I. Hutchinson: Calculus of 
residues.—By Professor Virgil Snyder: Advanced analytic geometry; 
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Algebraic geometry.—By Professor F. R. Sharpe: Fourier series and 
potential functions—By Professor A. Ranum: Differential geometry. — 
By Professor W. B. Carver: Projective geometry; Metric geometry in 
the plane.—By Professor W. A. Hurwitz: Theory of groups; Vector 
analysis.—By Professor C.F. Craig: Theory of ordinary differential 
equations.—By Professor F. W. Owens: Theory of probabilities.—By 
Professor H. C. M. Morse: Elementary differential equations; Calculus of 
variations.—By Professor W. L. G. Williams: Linear algebras; Galois 
fields.—By Mr. H. S. Vandiver: Theory of equations.—By Dr. D.S. Morse: 
Advanced calculus; Infinite series. 


Harvarp University.—By Professor W. F. Osgood: Advanced 
calculus (second semester); Theory of functions.—By Professor J. L. 
Coolidge: Elementary theory of equations; Probability; Geometry of 
the circle—By Professor 0. D. Kellogg: Advanced calculus (first se- 
mester); Theory of potential functions; Dynamics (second course).— 
By Professor G. D. Birkhoff: Analytical theory of heat; Elastic vibrations ; 
Linear differential equations of the second order, real variables.—By 
Professor W. C. Graustein: Introduction to modern geometry; Diffe- 
rential geometry of curves and surfaces.—By Professor J. L. Walsh: 
Functions of real variables, part II; Integral equations.—By Mr. H. W. 
Brinkmann: Galois theory of equations.—By Mr. J. L. Holley: Functions 
of real variables, part I.—Professor Osgood and Mr. Brinkmann will 
conduct a fortnightly seminar in analysis. Courses of research are 
also offered by Professor Osgood in analysis, by Professor Coolidge 
in geometry, by Professor Kellogg in potential theory, by Professor 
Birkhoff in the theory of differential equations, by Professor Graustein 
in geometry, and by Professor Walsh in analysis. 


University oF Iniino1s.—By Professor E. J. Townsend: Real vari- 
ables; Differential equations and advanced calculus.—By Professor 
G. A. Miller: Theory of groups (introductory course); Theory of equations. 
—By Professor J. B. Shaw: Linear algebra.—By Professor A. B. Coble: 
Cremona transformations.—By Professor R. D. Carmichael: Linear diffe- 
rential equations.—By Professor Arnold Emch: Geometric transfor- 
mations.—By Professor A. R. Crathorne: Theory of statistics.—By Pro- 
fessor G. E. Wahlin: Modern algebra.—By Professor A. J. Kempner: 
Theory of numbers.—By Professor H. Blumberg: Introduction to modern 
mathematics.—By Professor E. B. Lytle: History of mathematics. 


The Société Mathématique de France celebrated its fiftieth anni- 
versary May 22, 1924. 


The Académie Royale de Belgique has received from an anonymous 
donor the sum of 3000 francs to found a prize for a contribution to 
the theory of the diurnal nutation and a confirmation of its existence. 
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Professor A. Einstein has been awarded by the assembly of the 
University of Amsterdam the gold medal of the Holland Society for 
the Progress of Natural Science. 

Cambridge University has awarded Smith’s prizes to T. M. Cherry, 
of Trinity College, for an essay On the differential equations of dy- 
namics, and to W. J. Webber, of Trinity College, for an essay on Some 
applications of the theory of integration. 

Professor A. S. Eddington has been awarded the Bruce gold medal 
of the Astronomical Society of the Pacific. The award was for his 
work in relativity and on the internal physical constitution of the stars. 


The Leopoldinisch-Carolinische Akademie of Halle has elected the 
following members: Professors L. Bieberbach, 0. Blumenthal, L. E. J. 
Brouwer, G. Castelnuovo, F. Enriques, T. Hayashi, R. von Mises, E. 
Neumann, F. Severi, and H. Weyl. The election of Professor W. F. 
Osgood to membership in this Academy was announced in the May- 
June issues of this BULLETIN. 


Professor M. Pasch, of Giessen, has received honorary doctorates 
from the Universities of Frankfurt a. M. and Freiburg i. Br. 

Professor E. Landau has been elected corresponding member of the 
Prussian Academy of Sciences. 

M. G. Bigourdan has been elected president of the Paris Academy 
of Sciences. M. Maurice de Broglie has been elected académicien libre, 
in succession to the late M. Charles de Freycinet. 

The University of Paris has decided to confer an honorary doctorate 
on Professor H. A. Lorentz, of the University of Leiden. 

Professor Emile Borel delivered a series of lectures at the Uni- 
versity of Copenhagen in March, 1924, on the Rask-Oersted foundation. 
On this occasion the University conferred on him the degree of doctor 
honoris causa. 

Professor Max Planck has been elected an honorary member of the 
Physical Society of London. 

Professor T. A. Brown, of University College, Exeter, and Mr. E. T. 
Copson and Professor C. G. Darwin, of Edinburgh, have been elected 
fellows of the Royal Society of Edinburgh. 

Professor L. J. Mordell, of the University of Manchester, has been 
elected fellow of the Royal Society of London. 

Professor G. H. Hardy, of Oxford, has been elected president of the 
British National Union of Scientific Workers. 

Dr. W. D. Lambert, of the United States Coast und Geodetic Survey, 
has been elected recording secretary of the Washington Academy of 
Sciences. 
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Dr. F. Béhm has been appointed associate professor of mathematics 
at the University of Munich. 


Professor H. L. Hamburger, of the University of Berlin, has been 
appointed professor of mathematics at the University of Cologne. 

Dr. E. Kruppa, of the Vienna Technical School, has been promoted 
to a full professorship of mathematics. 


Dr. F. Levi, of the University of Leipzig, has been promoted to an 
associate professorship of mathematics. 


Dr. M. Winkelmann, of the University of Jena, has been appointed 
full professor of applied mathematics. 


The following German professors of mathematics have recently retired 
from active teaching: F. von Lindemann, A. Schleiermacher, F. Schur, 
and P. Volkmann. 


Professor E. Bompiani, of the Milan Technical School, has been trans- 
ferred to the chair of projective and descriptive geometry at the Uni- 
versity of Bologna, and Professor M. Picone, of the University of Catania, 
to the chair of higher analysis at the University of Pisa. 

The following 25 doctorates with mathematics as major subject were 
conferred by American universities in the calendar year 1923; the university, 
month in which degree was conferred, minor subject if any outside of 
mathematics, and the title of the dissertation are given with each name. 

E. F. Allen, Missouri, April, Physics, A revision of certain topics of 
the Lie theory. 

Constance R. Ballantine, Chicago, June, Modular invariants of a 
binary group with composite modulus. 

J. P. Ballantine, Chicago, June, A postulational introduction to the 
four-color problem. 

A. D. Campbell, Cornell, June, Philosophy, The classification of linear 
systems of conics in various domains. 

W. E. Clelland, Princeton, October, Permutable transformations F 
and transformations W. 

M. M. Feldstein, Chicago, March, Invariants of the linear group, 
modulo 

C. A. Garabedian, Harvard, June, A method of series in elasticity, 
with applications (1) to circular plates of constant or variable thickness, 
and (2) to rods of constant or variable circular cross-section. 

R. E. Gleason, Princeton, October, On a calculus of average-value 
functions. 

B. Z. Linfield, Harvard, June, On the theory of discrete variates. 

N. B. MacLean, Chicago, August, On certain surfaces related co- 
variantly to a given ruled surface. 

D. S. Morse, Cornell, June, Physics, Relative inclusiveness of certain 
definitions of summability. 
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F. H. Murray, Harvard, June, The real solutions of certain systems 
of differential equations. 

H. L. Olson, Chicago, August, Congruences with constant absolute 
invariants. 

J. 0. Osborn, Cornell, June, Education, A study of the rational 
involutorial transformations in space which leave a web of sextic 
surfaces invariant. 

G. E. Raynor, Princeton, June, Dirichlet’s problem. 

Emeterio Roa, Michigan, June, A number of new generating functions, 
with applications to statistics. 

G.E. F. Sherwood, Chicago, August, Equivalence of triples of bilinear 
forms. 

J. M. Thomas, Pennsylvania, June, Congruences of circles studied 
with reference to the surface of centers. 

T. Y. Thomas, Princeton, June, Geometries of paths admitting first 
integrals. 

C. E. Van Horn, Chicago, March, A system of relative existential 
propositions connected with the relation of class-membership. 

F. M. Weida, Iowa, July, Physics, The valuation of life annuities 
with refund of an arbitrarily assigned part of the purchase price. 

Louis Weisner, Columbia, February, Groups whose maximum cyclic 
subgroups are independent. 

R. L. Wilder, Texas, June, Concerning continuous curves. 

R. E. Wilson, Chicago, March, Representations of certain functions 
of two variables by Stieltjes integrals. 

B. F. Yanney, Chicago, March, Astronomy, Modular invariants of 
the binary quartic. 

Professor G. D. Birkhoff, of Harvard University will be exchange 
professor at Pomona Collegz, Colorado College, and Grinnell College 
during the first half of the academic year 1924-25. During his residence 
at Pomona College, he will deliver a series of eight lectures on 
Relativity at the Southern Branch of the University of California. 


Professor C. de la Vallée-Poussin, who was president of the Inter- 
national Mathematical Union at the International Congress in Toronto, 
will remain in this country this Fall and will lecture under the auspices 
of the Educational Foundation established by the Commission for the 
Relief of Belgium at several universities, on the two topics: 

(1) Les fonctions d’ensemble et les fonctionelles, 

(2) L’approximation des fonctions de variables reélles et les fonc- 

tions quasi-analytiques. 
A partial list of the institutions at which he will lecture, approximately 
in the order of time, follows: (August) The University of Chicago; 
(September) The University of California at Berkeley, The Southern 
Branch of the University of California at Los Angeles, California 
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Institute of Technology; (October) The University of Wisconsin, The 
University of Minnesota; The University of Michigan; Cornell University ; 
Columbia University; (November) Massachusetts Institute of Technology, 
Brown University, Yale University; (December) Princeton University, 
Johns Hopkins University. 

At Harvard University, Mr. H. W. Brinkmann and Mr. J. L. Holley 
have been appointed Benjamin Peirce instructors, and Mr. P. D. Edwards 
and Mr. Malcolm MacLaren, Jr. instructors, for the year 1924-25. 
Dr. J. L. Walsh has been promoted to an assistant professorship of 
mathematics. 

Professor L. L. Silverman, who has just returned from a year’s 
leave of absence in Germany and Russia, has been promoted to a full 
professorship at Dartmouth College. 


Professor E. R. Hedrick, of the University of Missouri, has been 
appointed professor of mathematics at the University of California, and 
will be assigned to the department of mathematics at the Southern 
Branch at Los Angeles. 


The following appointments and promotions in the department of 
mathematics at Hunter College of the City of New York have been 
announced: to succeed Professor Emma M. Requa, retired, as head of 
the department, Professor Tomlinson Fort, of the University of Alabama; 
to be an associate professor, Miss Lao G. Simons, who has been acting 
head of the department for the year 1923-24; to be an instructor, Miss 
Helen Kunte. 

Professor A. N. Whitehead, of the Imperial College of Science and 
Technology, London, has been appointed professor of philosophy at 
Harvard University. 

Associate Professor Clara E. Smith has been promoted to a full 
professorship of mathematics at Wellesley College. 

Dr. G. A. Pfeiffer, of Columbia University, has been promoted to an 
assistant professorship of mathematics. 

Professor H. Frischauf, of the University of Graz, died January 7, 
1924, at the age of eighty-six years. 

The death is announced of Professor G. Helm, of the Dresden 
Technical School, at the age of seventy-two years. 

Professor J. Majcen, of the University of Zagreb (Agram) died 
February 1, 1924, at the age of forty-nine years. 

Professor H. Rothe, of the Vienna Technical School, died Decem- 
ber 18, 1923. 

Dr. R. E. Froude, C. B., F. R. S., known for his work in naval 
architecture, died March 19, 1924. 

Dr. William Jack, formerly professor of mathematics at the University 
of Glasgow, died March 20, 1924. 
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NEW PUBLICATIONS 
PART I. PURE MATHEMATICS 


Apotionius. See Ver EEcKE (P.). 

BerpIALeEs (B.). Estudio de la inversién en el plano. (Publicaciones 
del Circulo Matematico del Instituto Nacional del Profesorado 
Secundario, No. 2.) Buenos Aires, 1924, 39 pp. 

Biascuke (W.). Vorlesungen iiber Differentialgeometrie und geo- 
metrische Grundlagen von Einsteins Relativitatstheorie. I: Ele- 
mentare Differentialgeometrie. 2te verbesserte Auflage. Berlin, 
Springer, 1924. 12-242 pp. 

Bortotorti (E.). Lezioni di geometria analytica. Bologna, Zani- 
chelli, 1923. Volume 1: 39+ 382 pp. Volume 2: 229 pp. 

BRANDENBERGER (C.). Abgekiirztes Rechnen. Ziirich, Fiissli, 1922. 

CooiipcGE (J. L.). The geometry of the complex domain. Oxford, 
Clarendon Press, and New York, Oxford University Press, 1924. 
242 pp. $6.00 

DoEHLEMANN (K.). Projektive Geometrie in synthetischer Behandlung. 
II. 5te Auflage. (Sammlung Géschen.) Berlin, de Gruyter, 1924. 
138 pp. 

Droste (J.) en DE Groot (W. F.). Functies. Deel 1: Graphische 
voorstellingen. Groningen, Wolters, 1923. 163 pp. 

Ennrques (F.). Per la storia della logica. I principii e I’drdine della 
scienza nel concetto dei pensatori matematici. Bologna, Zanichelli, 
1922. 300 pp. 

GamMBIoLI (D.). See Youne (J. W. A.). 

GEIGER (M.). Systematische Axiomatik der euklidischen Geometrie. 
Augsburg, Dr. Benno Filser Verlag, 1924. 24-+-271 pp. 

VAN DE GRIEND (J.). Voortgezette planimetrie. Hilversum, J. Schaaf- 
stal, 1923. 102 pp. 

DE Groot (W. F). See Droste (J.). 

GrosGuRIN (L.). Enseignement de l’arithmétique. Méthodologie. Lau- 
sanne, Payot, 1922. 300 pp. 

Lams (H.). An elementary course of infinitesimal calculus. Revised 
edition. Cambridge, University Press, 1924. 540 pp. 

Larsson (L.). See Nériunp (N. E.). 

Lecat (M.). Bibliographie de la relativité suivie d’un appendice sur 
les déterminants 4 plus de deux dimensions, le calcul des variations, 
les séries trigonométriques et l’azéotropisme. Bruxelles, Lamertin, 
1924. 292+ 47 pp. 

Lerscuetz (S.). L’analysis situs et la géométrie algébrique. Paris, 

Gauthier-Villars, 1924. 154 pp. 
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LreETZMANN (W.) und Trrer (V.). Wo steckt der Fehler? 3te Auf- 
lage. (Mathematisch-physikalische Bibliothek, Band 52.) Leipzig, 
Teubner, 1923. 

Macs (E.). Populir-wissenschaftliche Vorlesungen. 5te vermehrte und 
durchgesehene Auflage. Leipzig, Barth, 1923. 12+ 628 pp. 

Mituer (B.I.). Romance in science. Boston, Stratford Company, 1924. 


87 pp. $1.00 
Noériunp (N.E.). Bland siffror och tal. Populara uppsatser. Til 
svenska av Robert Larsson. Stockholm, Hugo Gebers Forlag, 


1923. 113 pp. 
p’OcAGNE (M.). Calcul graphique et nomographie. Paris, Doin, 1924. 
PorncareE (H.). Calcul des probabilités. Rédaction d’A. Quiquet. 

2e édizione, revue et. augmentée. Paris, Gauthier-Villars, 1923. 

336 pp. 

Quriquet (A.). See PorncareE (H.). 

ScHNEIDER (E.). Mathematische Schwingungslehre. Theorie der ge- 
wohnlichen Differentialgleichungen mit konstanten Koeffizienten 
sowie einiges iiber partielle Differentialgleichungen und Differenzen- 
gleichungen. Berlin, Springer, 1924. 6-+ 194 pp. 

Scuuu (F.). Vraagstukken over differentiaal- en integraalrekening en 
over analytische en beschrij vende meetkunde. Tweede deel. Groningen, 
Noordhoff, 1923. 198 pp. 

ScuLitTer (H.). Die héhere Mathematik. Eine gemeinverstandliche 
Darstellung der Elemente. 2te verbesserte Auflage. Berlin, Meusser, 
1922. 

StceLorr (L. P.) and Smiro (D.E.). College algebra. Boston, Ginn, 
1924. 6+ 258 pp. 

SmitH (D.E.). History of mathematics. Volume 1: General survey of 
the history of elementary mathematics. Boston, Ginn, 1923. 22+ 596pp. 

See (L. P.). 

THORNDYKE (E. L.) and others. The psychology of algebra. New York, 
Macmillan, 1923. 11-+483 pp. 

Trier (V.). See LierzMann (W.). 

TroprkeE (J.). Geschichte der Elementar-Mathematik in systematischer 
Darstellung. Band 6: Analysis, analytische Geometrie. 2te, ver- 
besserte Auflage. Berlin, de Gruyter, 1924. 169 pp. 

VALErIRAS (A.). Estudio de una correspondencia geométrica. (Publi- 
caciones del Circulo Matematico del Instituto Nacional del Profesorado 
Secundario, No. 1.) Buenos Aires, 1923. 45 pp. 

Ver Erecke (P.). Les coniques d’Apollonius de Perge. Traduites du 
grec en francais, avec une introduction et des notes par Paul Ver 
Eecke. Bruges, Desclée, de Brouwer et Cie., 1924. 

Youne (J. W. A.). L’insegnamento delle matematiche. Traduzione di 

D. Gambioli. Palermo, Sandron, 1924. 28+ 526 pp. 
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PART II. APPLIED MATHEMATICS 

Apams (H.). The mechanics of building construction. New edition. 
New York and London, Longmans, 1923. 251 pp. 

AxiiaTa (G.). Die Planetenanomalien im Weltbild der Aethermechanik. 
Leipzig, Hillmann, 1922. 16 pp. 

Baupirt (A.). Etudes élémentaires de météorologie pratique. 2e édition. 
Paris, Gauthier-Villars, 1923. 13-+ 428 pp. 

Bour (N.). Om Atomernes Bygning. Kebenhavn, Gjellerup, 1923. 
44 pp. 

Boret (E.). See PAIntevE (P.). 

BovasseE (H.). Gyroscopes et projectiles. Paris, Delagrave, 1923. 200 pp. 

Bouny (F.). Lecons de mécanique rationnelle. Tome 1: Calcul vectoriel, 
cinématiqué, potentiel. Paris, Blanchard, et Mons, Librairie Leich, 
1924. 8+ 600 pp. 

Brose (H. L.). See Freunpiicu (E.). 

Bicuier (R.). Lehrsatze iiber das Weltall mit Beweis in Form eines 
offenen Briefes an Professor Einstein. Aachen, Aachener Verlags- 
und Druckereigesellschaft, 1923. 11 pp. 

Bunet (P.). Les transformateurs. Paris, J. B. Bailligre, 1923. 632 pp. 

Caskey (L. D.). Geometry of Greek vases. Boston, Museum of Fine 
Arts, 1922. 4to. 11-+ 235 pp. $6.00 

CassrreEr (E.). Substance and function and Einstein’s theory of rela- 
tivity. Authorized translation by W. C. Swabey and M. C. Swabey. 
Chicago and London, Open Court, 1923. 12-4 465 pp. $3.75 

Coprernicus. Ober die Umdrehungen der Himmelskérper. Aus seinen 
Schriften und Briefen. Posen, Verlag der Deutschen Biicherei, 
1923. 77 pp. 

Damiens (A.). Les Isotopes. Paris, Gauthier-Villars, 1923. 9 + 118 pp. 

Drncter (H.). Die Grundlagen der Physik. Synthetische Prinzipien 
der mathematischen Naturphilosophie. 2te, véllig neubearbeitete 
Auflage. Berlin, de Gruyter, 1923. 14+ 336 pp. 

(A.), Lorentz (H. A.), Minkowski (H.), SomMERFELD (A.), 
and Weyt (H.). The principles of relativity. Translated by G. 
B. Jeffery and H. Weyl. London, Methuen, 1923. 8 + 216 pp. 

Errxsson (K. V.). Astronomiens grunder. Nya upptackter. Goteborg, 
Josef Bergendahls Boktryckeri, 1923. 60 pp. 

Ewa.p (P. P.). Kristalle und Réntgenstrahlen. Berlin, Springer, 1923. 
9 + 327 pp. 

Férrx (0.). Grundziige der technischen Schwingungslehre. Berlin, 
Springer, 1923. 6+ 151 pp. 

FReuNDLIcH (E.). The theory of relativity. Three lectures for chemists. 
Translated by H. L. Brose. London, Methuen, 1924. 12+ 98 pp. 

Hart (I. B.) and Larner (W.). Elementary aeronautical science. Oxford, 

Clarendon Press, 1923. 6 + 288 pp. 
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Hart (W.L.). The mathematics of investment. Boston, Heath, 1924. 
12 + 220 + 88 pp. 

Hewes (L. I.) and S—ewarp (H.L.). The design of diagrams for en- 
gineering formulas and the theory of nomography. London and 
New York, McGraw-Hill, 1928. 13 + 111 pp. 

HueEsporter (H. A.). Mechanics of the gasoline engine. London, McGraw- 
Hill, 1923. 9 + 313 pp. 

INTERNATIONAL RESEARCH CouNcIL. Second assembly held at Brussels, 
July 25 to July 29, 1922. Report of proceedings edited by Arthur 
Schuster. London, Harrison, 1923. 145 pp. 

Jeans (J. H.). Report on radiation and the quantum theory. 2d edition. 
London, Fleetway Press, 1924. 

JEFFERY (G. B.). See Ernstetn (A.). 

LAIDLER (W.). See Harr (I. B.). 

von Lave (M.). Die Relativitaétstheorie. 2te umgearbeitete Auflage. 
Band 2. Braunschweig, Vieweg, 1923. 13 + 290 pp. 

Lepuc (A.). Thermodynamique. Energétique. Théorie cinématique des 
gaz. Paris, Doin, 1923. 333 pp. 

Lecce (W.S.). See Norris (P. W.). 

Lenarp (P.). Uber Ather und Urather. 2te, vermehrte Auflage mit 
einem Mahnwort an deutsche Naturforscher. Leipzig, Hirzel, 1922. 
66 pp. 

Lewitt (E. H.). Hydraulics. London, Pitman, 1923. 8 + 264 pp. 

Lorentz (H. A.). See Ernstern (A.). 

MArtens (F.). Das Wesen der elektrischen Erscheinungen. Elberfeld, 
Hofbauersche Buchhandlung, 1922. 32 pp. 

Mavralrn (C.). Physique du globe. Paris, Armand Colin, 1923. 204 pp. 

—. See (P.). 

MinxkowskI (H.). See Ernstern (A.). 

Moworovic1é (S.). Die Einsteinsche Relativitatstheorie und ihr mathe- 
matischer, physikalischer und philosophischer Charakter. Berlin, 
de Gruyter, 1923. 

NenninG (A.). Kosmische Dynamik. Miinchen-Ziirich, J. A. Mahr, 1923. 
64 pp. 

Norris (P. W.) and Lecce (W. S.). Mechanics via the calculus. New 
York, Longmans, 1923. 375 pp. 

PaINnLEVE (P.), Borex (E.) et Maurarn (C.). L’aviation. Nouvelle 
édition. Paris, Alcan, 1923. 308 pp. 

Scnuster (A.). See INTERNATIONAL RESEARCH COUNCIL. 

SoMMERFELD (A.). See EINsTEIN (A.). 

Swasey (M.C.). See Cassrrer (E.). 

Swasey (W.C.). See Cassrrer (E.). 

Weyt (H.). See Ernstern (A.). 


